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Abstract

Fujishige et al. propose the LP-Newton method, a new algorithm
for solving linear programming problems (LPs). They address LPs
which have a lower and an upper bound for each variable. They re-
formulate the problem by introducing a related zonotope. Their algo-
rithm solves the problem by repeating projections to the zonotope.

In this paper, we develop the LP-Newton method for solving stan-
dard form LPs. We recast the LP by introducing a related convex
cone. Our algorithm solves the problem by iterating projections to
the convex cone.

Keywords: Linear programming, LP-Newton method, Wolfe’s algorithm

1 Introduction

Linear programming problem (LP) is a basis of all mathematical program-
ming problems. The simplex method and the interior point method solve
LPs efficiently in practice, and the latter is a polynomial-time algorithm.
However, whether there is a strongly polynomial-time algorithm for LP or
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not has been a long standing open problem. As an attempt to solve this
problem, Fujishige et al. [1] propose a new algorithm for solving LPs. They
address LPs which have a lower and an upper bound for each variable. In
this paper, we call their algorithm LPB-Newton method. They reformulate
the problem by introducing a related zonotope. LPB-Newton method solves
the problem by repeating projections to the zonotope. For the projection,
they use an algorithm proposed by Wolfe [3].

It is desirable to develop an algorithm which can handle more general LPs.
In this paper, we develop a similar algorithm for standard form LPs. We call
our algorithm LPS-Newton method. We recast the problem by introducing
a related convex cone. LPS-Newton method solves the problem by applying
projections to the convex cone. For the projection, we can use, for example,
an algorithm developed by Wilhelmsen [2].

2 LP, zonotope, and convex cone

2.1 Zonotope and LPB-Newton method

Fujishige et al.[1] consider the following LP

max cTx,
subject to Ax = b,

l ≤ x ≤ u,
(1)

where A ∈ ℜm×n, b ∈ ℜm, c ∈ ℜn, l ∈ ℜn and u ∈ ℜn are given data and
x ∈ ℜn is a variable vector.

Let

Ā =

[
A
cT

]
(2)

and define the zonotope Z̄ as follows.

Z̄ = {z̄ ∈ ℜm+1| z̄ = Āx, l ≤ x ≤ u}. (3)

Note that the number of vertices of Z̄ is at most 2n. Using Z̄, (1) can be
expressed as

max γ,

subject to

[
b
γ

]
∈ Z̄,

(4)

where γ is a variable in ℜ. Note that the set

L = {
[
b
γ

]
| γ ∈ ℜ} (5)
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is a line which is parallel to the last axis of ℜm+1. Under the formulation
(4), we find the intersection point of Z̄ and L whose (m + 1)-st element is
maximal.

LPB-Newton method generates a sequence of points {b̄k} on L. Compute
the vector x̂ = (x̂1, . . . , x̂n) by

x̂j =

{
uj if cj > 0
lj otherwise

(6)

and set γ0 = cT x̂, which is the maximal value of cTx on Z̄. The algorithm
starts from b̄0 = (bT , γ0)

T . At the k-th iteration, given b̄k, we compute z̄k+1,
the nearest point of b̄k to the zenotope Z̄. Then b̄k+1 is obtained as the
intersection point of L and Hk, the separating hyperplane of Z̄ at z̄k+1.

For the projection, Fujishige et al. [1] adopt Wolfe’s algorithm [3]. A
formal description of LPB-Newton method is as follows.

LPB-Newton method

Input: A ∈ ℜm×n, b ∈ ℜm, c ∈ ℜn, l ∈ ℜn and u ∈ ℜn of the problem (1).
Output: an optimal solution x∗ of the problem (1) or the decision that the
problem (1) is infeasible.

Step 1: Compute x̂ according to (6), set γ0 = cT x̂, and k = 0.

Step 2: Set b̄k = (bT , γk)
T . Compute z̄k+1, the nearest point of b̄k to Z̄.

We express z̄k+1 like

z̄k+1 =

[
z̃k+1

ζk+1

]
.

z̄k+1 is expressed as a convex combination of affinely independent extreme
points ys (s ∈ Jk) of Z̄, i.e. z̄k+1 =

∑
s∈Jk λs,kys and each ys is given by

ys = Āxs with (xs)j = lj or (xs)j = uj for each j = 1, . . . , n.
(1) If z̄k+1 = b̄k, then put x∗ =

∑
s∈Jk λs,kxs and return x∗.

(2) If z̄k+1 ̸= b̄
k
and ζk+1 ≥ γk, declare that the problem (7) is infeasible

and terminate the algorithm.

Step 3: Update γk by

γk+1 = ζk+1 − ∥b− z̃k+1∥2/(γk − ζk+1).

Increase k by one and go to Step 2.

Fujishige et al. [1] prove that LPB-Newton method terminates in a finite
number of iterations.
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2.2 LP and convex cone

In this paper, we consider the standard form linear programming problem

max cTx,
subject to Ax = b,

x ≥ 0,
(7)

where A ∈ ℜm×n, b ∈ ℜm and c ∈ ℜn are given data and x ∈ ℜn is a
variable vector.

Define the convex cone K̄ as follows.

K̄ = {z̄ ∈ ℜm+1| z̄ = Āx, x ≥ 0}, (8)

where Ā is defined in (2). Then the problem (7) can be recast as

max γ,

subject to

[
b
γ

]
∈ K̄

(9)

where γ ∈ ℜ is a variable.
In our algorithm, we need a procedure to find the nearest point in a

convex cone from a given point. More precisely, let e1, e2, . . . , eN ∈ ℜn be
given vectors and consider the convex cone K

K = {
N∑
i=1

λiei| λi ≥ 0, i = 1, 2, . . . , N}. (10)

For a given point q ∈ ℜn, the problem is formulated as follows.

min ∥q − p∥,
subject to p ∈ K

(11)

There are many ways to solve the problem. Wilhelmsen [2] develops a com-
binatorial algorithm for the problem. It has a strong connection to Wolfe’s
algorithm. Wilhelmsen’s algorithm is summarized as follows.

Wilhelmsen’s algorithm

Input: Vectors e1, e2, . . . , eN ∈ ℜn and a point q ∈ ℜn.
Output: The nearest point p∗ ∈ K and coefficients λ∗

1, λ
∗
2, . . . , λ

∗
N which

satisfy p∗ =
∑N

i=1 λ
∗
iei.
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Step 0: If qTei ≤ 0 for all i = 1, 2, . . . , N then set p∗ = 0, λ∗
i = 0 (i =

1, 2, . . . , N) and stop the algorithm. Otherwise, take an index s such that

qTes > 0. Set I1 = {s}, k = 1 and compute pk =
qTes

∥es∥2es. Also set

λs,1 =
qTes

∥es∥2 , λi,1 = 0 (i ̸= s).

Step 1: Set hk = q − pk. If hk = 0 or (hk)
Tei ≤ 0 for all i = 1, 2, . . . , N ,

then p∗ = pk, λ
∗
i = λi,k (i = 1, 2, . . . , N) and stop the algorithm. Otherwise,

find el such that (hk)
Tel > 0, set J = Ik ∪ {l}.

Step 2: Find the nearest point r from q to the linear subspace spanned by
vectors ei (i ∈ J). Let r =

∑
i∈J βiei. If βi ≥ 0, i ∈ J , then set Ik+1 = {i ∈

J : βi > 0}, pk+1 = r , λi,k+1 = βi (i ∈ Ik+1), λi,k+1 = 0 (i ̸∈ Ik+1). Increase
k by one and go to Step 1. Otherwise, compute

ρi =

{
1 βi ≥ 0
λi,k/(λi,k − βi) βi < 0,

ρ = mini∈J ρi

and
γi = (1− ρ)λi,k + ρβi, i ∈ J.

Step 3: Update J by the set {i ∈ J : γi > 0}. Also set λi,k = γi (i ∈
J), λi,k = 0 (i ̸∈ J) and go to Step 2.

3 LPS-Newton method

3.1 A description of the algorithm

In this subsection, we give a formal description of our algorithm, LPS-Newton
method for the problem (7). The algorithm starts from (bT , γ0)

T ∈ L where
γ0 is chosen so that it is larger than the optimal value of (7). We note that
our algorithm even works if this assumption is not satisfied or the problem
(7) is infeasible. In Figure 1 we show a geometrical example of LPS-Newton
method. The current point b̄k is on the line L. Then z̄k+1, the nearest point
of b̄k to K̄ is computed. The next point b̄k+1 is obtained as the intersection
of the separating hyperplane at z̄k+1 and L, and so on. In this example, b̄k+2

is the optimal solution of (9).

A formal description of LPS-Newton method is summarized as follows.

LPS-Newton method

Input: A ∈ ℜm×n, b ∈ ℜm, c ∈ ℜn and γ̄0.
Output: an optimal solution x∗ of the problem (7) or the decision that
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Figure 1: A geometrical example of LPS-Newton method

either the problem (7) is infeasible or the optimal value v∗ is larger than γ0.

Step 1: Set γ0 = γ̄ and k = 0.

Step 2: Set b̄k = (bT , γk)
T . Compute the optimal solution z̃k+1 for the

problem (11) with vectors ā1, ā2, . . . , ān (āi is the i-th column vector of Ā)
and the point b̄k. Let z̄k+1 can be written as z̄k+1 = Āx̃k+1. In the vector
form, we express z̄k+1 as (z̃T

k+1, ζk+1)
T ∈ ℜm ×ℜ.

(C1) If z̃k+1 = b and γk > ζk+1, output x̃k+1 as an optimal solution and
terminate the algorithm. When k = 0, x̃1 is an optimal solution or v∗ > γ0.
(C2) If either (z̃k+1 ̸= b and ζk+1 = γk) or ζk+1 > γk holds, declare that the
problem (7) is infeasible and terminate the algorithm. When k = 0, (7) is
infeasible or v∗ > γ0.

Step 3: Update γk by

γk+1 = ζk+1 − ∥b− z̃k+1∥2/(γk − ζk+1). (12)

Increase k by one and go to Step 2.

We call b̄k and z̄k the target point and the projection point, respectively.
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3.2 Proof of the finite termination

Let b̄k = (bT , γk)
T (k = 0, 1, . . . ) be the sequence of target points and z̄k =

(z̃T
k , ζk) (k = 1, 2, . . . , ) be the sequence of projection points generated by

LPS-Newton method. The next lemma is a technical result. Figure 1 might
be helpful to understand the lemma.

Lemma 1 Let k be a nonnegative integer. If LPS-Newton method does not
terminate at the k-th iteration, then we have

v∗ ≤ γk+1 < ζk+1 < γk, (13)

where v∗ is the optimal value of the problem.

Proof: Note that z̄k+1 = (z̃T
k+1, ζ

T
k+1) is the projection point from b̄k =

(bT , γk)
T to K̄ and that b̄k+1 = (bT , γk+1)

T is the intersection point of L and
the hyperplane

{z̄ ∈ ℜm+1| (b̄k − z̄k+1)
T (z̄ − z̄k+1) = 0},

which separates b̄k and K̄. There are four possibilities, namely

(i) z̃k+1 = b and γk < ζk+1,

(ii) z̃k+1 = b and γk ≥ ζk+1,

(iii) z̃k+1 ̸= b and γk < ζk+1,

(iv) z̃k+1 ̸= b and γk ≥ ζk+1.

Since the algorithm does not terminate at the k-th iteration, the conditions
(C1) and (C2) do not hold. Thus we see that (iv) holds and (C2) excludes
the case z̃k+1 ̸= b and γk = ζk+1. In summary, we have z̃k+1 ̸= b and
γk > ζk+1. For any z̄ = (z̃T , δ)T ∈ K̄, we have

(b̄k − z̄k+1)
T (z̄ − z̄k+1) ≤ 0. (14)

If z̄ = (bT , δ)T ∈ K̄ ∩ L, since γk > ζk+1, (14) is equivalent to

δ ≤ ζk+1 − ∥b− z̃k+1∥2/(γk − ζk+1) = γk+1. (15)

The inequality (15) holds for (bT , v∗)T ∈ K̄ ∩ L. From this observation and
γk > ζk+1, we have

v∗ ≤ γk+1 < ζk+1 < γk.

■

7



Corollary 1 If the problem (7) has an optimal solution and the optimal
value v∗ is larger than γ0, LPS-Newton method terminates at the 0-th itera-
tion.

Proof: Assume that the problem (7) has an optimal solution with the opti-
mal value v∗ > γ0 and LPS-Newton method does not terminate at the 0-th
iteration. Then from (13) we have

γ0 < v∗ ≤ γ1 < ζ1 < γ0,

which is a contradiction. ■
Next we address the case where the condition (C1) is true.

Lemma 2 Let k be a positive integer. If (C1) holds at the k-th iteration of
LPS-Newton method, then x̃k+1 is an optimal solution of the problem (7).
In addition, if (C1) holds at the 0-th iteration, then either x̃1 is an optimal
solution or v∗ > γ0.

Proof: Since the algorithm does not terminate at the (k−1)-th iteration, we
have v∗ ≤ γk from Lemma 1. Thus the statement readily holds if γk = ζk+1.
When k = 0, we see that (7) has the feasible solution x̃1 with the objective
value γ0. So we conclude that x̃1 is an optimal solution or v∗ > γ0.

If γk > ζk+1, from (15), we have v∗ ≤ ζk+1, which proves the statement.
Note the conclusion also holds when k = 0. ■

In the next lemma, we address the case when the condition (C2) is true.
We give Figure 2 to understand the situation.

Lemma 3 Let k be a positive integer. If (C2) holds at the k-th iteration
of LPS-Newton method, then the problem is infeasible. In addition, if (C2)
holds at the 0-th iteration of LPS-Newton method, either the problem (7) is
infeasible or v∗ > γ0

Proof: For the case of z̃k+1 ̸= b and ζk+1 = γk, from (14) for z̄ = (z̃T , δ)T ∈
K̄ we have

(b− z̃k+1)
T (z̃ − z̃k+1) ≤ 0,

which is not true for any point on L, so (7) is infeasible. Note that the
conclusion also holds the case k = 0.

We show the second case. In this case, γk < ζk+1 holds and from (14) we
have

δ ≥ ζk+1 − ∥b− z̃k+1∥2/(γk − ζk+1) = γk+1

for (zT , δ)T ∈ K̄ ∩ L. Thus we have

v∗ ≥ γk+1 ≥ ζk+1 > γk, (16)

8



Figure 2: LPS-Newton method applied to infeasible LP

which contradicts v∗ ≤ γk. When k = 0, (16) implies that v∗ > γ0 if (7) is
feasible. ■

Theorem 1 The number of iterations of LPS-Newton method is at most the
number of faces of the cone K̄.

Proof: Assume, to the contrary, the number of iterations of LPS-Newton
method exceeds the number of faces of K̄. Then there exists a face S of
K̄ such that two projection points z̄k1 and z̄k2 (k1 < k2) belong to the
relative interior of S. In the following, for a positive integer k, we set pk =
b̄k−1 − zk and express the separating hyperplane Hk of K̄ at z̄k as Hk =
{z̄ ∈ ℜm+1| pT

k z̄ = αk}. Then we have S ⊂ Hk1 ∩Hk2 . Note that since the
algorithm never ends, z̃k+1 ̸= b and γk > ζk+1 hold at each iteration. From
this observation and Lemma 1, we see that γk is strictly decreasing. These
facts lead to the following two inequalities.

pT
k1
b̄k2−1 ≤ αk1 (17)

and
pT
k2
b̄k1−1 > αk2 . (18)

From the inequality (17) and pT
k1
z̄k2 = αk1 , we have

pT
k1
pk2 = pT

k1
(b̄k2−1 − z̄k2) ≤ 0 (19)
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But, from (19) and pT
k2
z̄k1 = αk2 , we have

pT
k2
b̄k1−1 − αk2 = pT

k2
(b̄k1−1 − z̄k1)

= pT
k1
pk2 ≤ 0,

which contradicts the inequality (18). Thus LPS-Newton method terminates
in a finite number of iterateions. ■

3.3 A comparison of the two algorithms

Here we compare LPB-Newton method with LPS-Newton method.

• Formulation: Fujishige et al. address LP with bounded constraints (1)
and they reformulate the problem by introducing a related zenotope
Z̄ ⊂ ℜm+1 (3). In contrast, we address the standard form LP (7) and
recast the problem using a related convex cone K̄ ⊂ ℜm+1 (8).

• Projection algorithm: For projections in the algorithms, LPB-Newton
method adopts Wolfe’s algorithm. To implement LPS-Newton method,
we can use, for example Wilhelmsen’s algorithm.

• Finite termination: Both algorithms terminates in a finite number of
iterations.

4 Conclusion

In this paper, we propose LPS-Newton method for the standard form linear
programming problem (7). The development of LPS-Newton method is mo-
tivated by LPB-Newton method by Fujishige et al. [1]. They reformulate the
LP with bound constraints (1) by introducing the zonotope Z̄ (3), which has
at most 2n vertices. On the other hand, we recast the problem (7) using the
convex cone (8) which is constructed from at most n rays. Each algorithm
repeats a projection to the zonotope or the convex cone and finds an optimal
solution. We expect that the number of iterations of LPS-Newton method is
smaller than that of LPB-Newton method, since the number of faces of the
convex cone is much smaller than that of the zonotope. As a future work,
we would like to implement our algorithm and compare the two algorithm.
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