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Abstract

This paper concerns a method of selecting the best subset of explanatory variables for a
linear regression model. Employing Mallows’ Cp as a goodness-of-fit measure, we formulate
the subset selection problem as a mixed integer quadratic programming problem. Compu-
tational results demonstrate that our method provides the best subset of variables in a few
seconds when the number of candidate explanatory variables is less than 30. Furthermore,
when handling datasets consisting of a large number of samples, it finds better-quality solu-
tions faster than stepwise regression methods do.

Keywords: Subset selection, Mixed integer programming, Mallows’ Cp, Linear regression
model

1 Introduction

Subset selection, or variable/feature/attribute selection, is of essential importance in statistics [7,

15, 23], and it has recently received considerable attention in data mining and machine learning

as a result of the increased size of the datasets dealt with in these fields [21]. Previous research

has proposed a number of computational methods for subset selection (see, e.g., [5, 12, 18, 21]),

and many of them are categorized as heuristic algorithms. Among them is the well-known

stepwise regression method [9], which repeats forward selection (adding one significant variable)

and backward elimination (eliminating one redundant variable) until a stopping condition is

satisfied. Although these heuristic algorithms often yield good-quality solutions to large-scale

problems, they do not necessarily find an optimal solution.

This paper focuses on determining the best subset of explanatory variables for a linear

regression model by means of the mixed integer programming (MIP) methodology. It should

be understood that finding an optimal solution under some goodness-of-fit (GOF) measure does

not correspond to identifying a “true” model. It is expected, nevertheless, that optimal solutions

lead to better models than heuristic solutions do. Hence, they are quite useful for identifying

a model that captures the essence of a system. Additionally, optimal solutions can be used to

evaluate the performance of heuristic algorithms and the quality of their solutions. For instance,

if the optimal GOF value is available, it is possible to know how far a heuristic solution is from it.

Even if an optimal solution can be found only for datasets with a small number of samples, this

solution can be used as a starting point in heuristic algorithms for datasets with a larger number
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of samples. Exact algorithms can also be employed as a subprocedure of heuristic algorithms.

This sort of hybrid algorithm has been drawing interest from researchers in recent years (see,

e.g., [29]).

When the number of explanatory variables to be selected is given a priori, subset selection

is usually carried out so that the residual sum of squares (RSS) of the subset regression model

is minimized. It is known that this subset selection problem can be framed as a mixed integer

quadratic programming (MIQP) problem [2, 4, 20]. Bertsimas and Shioda [4] developed a

tailored branch-and-bound procedure to solve such MIQP problems efficiently. Meanwhile, the

studies [2, 19, 20] employed the mean absolute deviation instead of RSS and reformulated the

subset selection problem as a mixed integer linear programming (MILP) problem. Moreover,

Konno and Takaya [19] developed a multi-step method, which iteratively reduces the number

of explanatory variables by using integer programming. This method can be regarded as one

of the hybrid heuristic algorithms mentioned above. These MIQP/MILP approaches, however,

need to decide how many explanatory variables to select before solving the problems. This is

disadvantageous in many cases; accordingly, it is more effective to select a subset of explanatory

variables according to an appropriate GOF measure.

There are several GOF measures for evaluating a subset regression model. One of the most

widely used is the Akaike information criterion (AIC) [1]. Although Emet [10] and Skrifvars

et al. [26] studied MIP formulations of minimizing AIC, this problem is computationally in-

tractable due to its integrality, nonlinearity and nonconvexity. On the other hand, the authors

of the present paper proposed in [24] mixed integer second-order cone programming (MISOCP)

formulations for subset selection. This sort of formulation enables one to find the best subset of

explanatory variables in terms of various GOF measures such as AIC, adjusted R2 [31], Bayesian

information criterion [25], corrected AIC [28] and Hannan-Quinn information criterion [13]. The

proposed MISOCP formulations, whose continuous relaxation problems are nonlinear but con-

vex, can be handled by recent mathematical programming solvers using a branch-and-bound

procedure; however, the experiments in [24] showed that substantial time is required for solving

them.

This paper makes use of Mallows’ Cp [22] as a GOF measure and derives an MIQP for-

mulation for subset selection. It is known that minimizing AIC is approximately equivalent to

minimizing Cp for a linear regression model (see e.g., [6, 23]). Although similar MIQP formu-

lations were presented in [10, 26] as a variant of the AIC minimization problem, the authors

of those studies made no mention of Mallows’ Cp. Additionally, detailed computational results

were not provided in [10, 26]. By contrast, we conducted careful computational experiments

to assess the effectiveness of the MIQP formulation on various datasets from the UCI Machine

Learning Repository [3].

The contributions of the present paper are summarized as follows:

• We propose the MIQP formulation for minimizing Mallows’ Cp. It is noteworthy that

solving this problem is much more efficient than solving the MISOCP problems in [24].

The computational results demonstrate that our method can provide a subset of variables
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with optimality guarantees in a few seconds when the number of candidate explanatory

variables is less than 30.

• We verify that our MIQP formulation, together with a state-of-the-art mathematical pro-

gramming solver, has a computational advantage over stepwise regression methods, the

commonly-used heuristics. It takes a fair amount of time to solve an MIQP problem ex-

actly for large-sized instances. Nevertheless, we show that our MIQP formulation can find

better-quality solutions faster than stepwise regression methods do.

2 Linear Regression Model and Mallows’ Cp

2.1 Linear regression model

Let us focus on the linear regression model:

y = a0 + a1x1 + a2x2 + · · ·+ apxp + ε, (1)

where y is an explained variable (or dependent variable), xj for j = 1, 2, . . . , p are explanatory

variables (or independent variables), aj for j = 0, 1, . . . , p are unknown parameters to be esti-

mated, and ε is a prediction residual. Since the model (1) incorporates all candidate explanatory

variables, we refer to (1) as a full model.

Suppose that we have data consisting of n samples (yi;xi1, xi2, . . . , xip) for i = 1, 2, . . . , n.

Then, the full model (1) can be rewritten as

y = Xa+ ε,

where y := (y1 y2 · · · yn)⊤, a := (a0 a1 · · · ap)⊤, ε := (ε1 ε2 · · · εn)⊤, and

X :=


1 x11 x12 · · · x1p

1 x21 x22 · · · x2p
...

...
...

...
...

1 xn1 xn2 · · · xnp

 .

The ordinary least squares (OLS) method estimates the coefficients, a, such that the residual

sum of squares (RSS):

ε⊤ε = (y −Xa)⊤(y −Xa) = y⊤y − 2y⊤Xa+ a⊤X⊤Xa (2)

is minimized. After partial differentiation, the OLS estimator for the full model (1) becomes

â = (X⊤X)−1X⊤y.
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2.2 Mallows’ Cp

Mallows’ Cp [22] is a goodness-of-fit (GOF) measure that is frequently used for evaluating the

linear regression model. It is assumed that the residuals εi for i = 1, 2, . . . , n are indepen-

dent random variables with zero mean and unknown variance σ2. Accordingly, Cp for the full

model (1) is defined as

CFull
p =

(y −Xâ)⊤(y −Xâ)

σ̂2
+ 2(p+ 1)− n,

where σ̂2 is an estimator of the residual variance, σ2. This estimator is usually set to the

unbiased estimator of the full model (1) (see e.g., [22, 23]),

σ̂2 =
(y −Xâ)⊤(y −Xâ)

n− p− 1
. (3)

The first term of CFull
p is the minimum RSS divided by σ̂2. This shows how the model fits

the given samples (yi;xi1, xi2, . . . , xip) for i = 1, 2, . . . , n in the least squares sense. On the

other hand, the second term, 2(p+1), of CFull
p represents the model complexity to be decreased.

The principle of parsimony helps to avoid overfitting and computational error, and accordingly

improves the generalization capability of the predictive model (see e.g., [14]). Note that CFull
p

can be converted into

CFull
p = min

a

(y −Xa)⊤(y −Xa)

σ̂2
+ 2(p+ 1)− n,

because the OLS estimator, â, minimizes RSS (2).

In what follows, we will consider how to select the best subset of explanatory variables.

Specifically, we address the subset regression model with explanatory variables xj for j ∈ S,

where S ⊆ {1, 2, . . . , p} is the index set of selected variables.

Eliminating the explanatory variable xj is equivalent to fixing its coefficient aj to zero.

Accordingly, Cp for the subset model is

Cp(S) = min
a

{
(y −Xa)⊤(y −Xa)

σ̂2

∣∣∣∣ aj = 0 (j ̸∈ S)

}
+ 2(|S|+ 1)− n, (4)

where |S| is the number of elements of the set S, i.e., the number of selected variables. Substi-

tuting (3) into CFull
p , we see that CFull

p = p + 1. Hence, if Cp(S) is minimized with respect to

S ⊆ {1, 2, . . . , p}, it will not be more than p+ 1.

3 Mixed Integer Programming Formulations

3.1 Selecting the best k explanatory variables

Let us consider the case in which the number k = |S| is given, i.e., k explanatory variables are

to be selected from p candidate ones. In this case, by omitting constant terms, the minimization

of Cp(S) reduces to the following RSS minimization problem:

min
a,S

{
(y −Xa)⊤(y −Xa)

∣∣∣ aj = 0 (j ̸∈ S), |S| = k, S ⊆ {1, 2, . . . , p}
}
. (5)
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This subset selection problem can be posed as a mixed integer quadratic programming (MIQP)

problem.

Let us introduce 0-1 decision variables zj for j = 1, 2, . . . , p to determine whether the j-th

candidate explanatory variable is selected or not; zj = 1 if the j-th variable is selected; zj = 0,

otherwise. By using the big-M formulation, the subset selection problem with the fixed k can

be expressed as an MIQP problem (see [2, 4, 20]):

minimize
a,z

n∑
i=1

yi −

a0 +

p∑
j=1

ajxij

2 (6)

subject to −Mzj ≤ aj ≤ Mzj (j = 1, 2, . . . , p), (7)
p∑

j=1

zj = k, (8)

zj ∈ {0, 1} (j = 1, 2, . . . , p), (9)

where M is a sufficiently-large positive constant. Constraint (7) is called a big-M constraint. If

zj = 0, the j-th candidate explanatory variable is eliminated from the regression model, because

its coefficient aj has to be 0 from Constraint (7). If the interval [−M,M ] is sufficiently large,

zj = 1 implies that aj can take an arbitrary value. Constraint (8) forces the number of selected

explanatory variables to be k. Consequently, Problem (6)–(9) is equivalent to Problem (5).

3.2 Subset selection by Mallows’ Cp

Problem (6)–(9) enables one to find k explanatory variables that minimize RSS. It is often the

case, however, that one would like to determine an appropriate number k = |S| simultaneously.

To accomplish this, we shall use Mallows’ Cp as a GOF measure.

Considering the representation (4) of Cp(S), the subset selection problem of minimizing

Mallows’ Cp can be formulated as an MIQP problem:

minimize
a,z

∑n
i=1

(
yi −

(
a0 +

∑p
j=1 ajxij

))2

σ̂2
+ 2

 p∑
j=1

zj + 1

− n (10)

subject to −Mzj ≤ aj ≤ Mzj (j = 1, 2, . . . , p), (11)

zj ∈ {0, 1} (j = 1, 2, . . . , p). (12)

Here, the number of selected explanatory variables,
∑p

j=1 zj , is not pre-specified, whereas it is

a given constant, k, in Problem (6)–(9). We can select the best subset of explanatory variables

according to Cp by solving Problem (10)–(12).

In Problem (10)–(12), the positive constant M needs to be sufficiently large. If M is not

sufficiently large, Problem (10)–(12) cannot guarantee the optimality of the selected explanatory

variables. On the other hand, it is known that a large M can cause numerical instabilities in

computations (see, e.g., [32]). Mixed logical programming [8, 16] is a remedy for this problem,
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and it is supported by several mathematical programming solvers. Specifically, we replace the

big-M constraint (11) with its logical implication:

minimize
a,z

∑n
i=1

(
yi −

(
a0 +

∑p
j=1 ajxij

))2

σ̂2
+ 2

 p∑
j=1

zj + 1

− n (13)

subject to zj = 0 ⇒ aj = 0 (j = 1, 2, . . . , p), (14)

zj ∈ {0, 1} (j = 1, 2, . . . , p). (15)

The logical implications (14) mean that if zj = 0, the j-th candidate explanatory variable is

eliminated from the regression model. This sort of logical implication can be efficiently handled

in a branch-and-bound procedure for MIP problems (see, e.g., [16] for the details).

4 Computational Experiments

The computational results reported in this section compare the efficiency of our MIQP formu-

lation with those of well-known stepwise regression methods.

We downloaded ten datasets for the regression analysis from the UCI Machine Learning

Repository [3]. The “Solar Flare” dataset has three variables (i.e., three classes of flares pro-

duction) to be predicted, and accordingly, twelve instances were prepared. Tables 1 and 2 list

these instances, where n and p are the number of samples and number of candidate explanatory

variables, respectively.

Table 1: List of small-sized (ten) instances

abbreviation n p original dataset [3]

Housing 506 13 Housing

Servo 167 19 Servo

AutoMPG 392 25 Auto MPG

SolarFlareC 1066 26 Solar Flare (C-class flares production)

SolarFlareM 1066 26 Solar Flare (M-class flares production)

SolarFlareX 1066 26 Solar Flare (X-class flares production)

BreastCancer 194 32 Breast Cancer Wisconsin

ForestFires 517 63 Forest Fires

Automobile 159 65 Automobile

Crime 1993 100 Communities and Crime

For the ForestFires instance, we created interaction terms from the variables of the x-axis

and y-axis spatial coordinates. In the Crime instance, variables having missing values for most

of the samples were removed. For all datasets, each categorical variable was transformed into

as many dummy variables as its distinct values. In addition, samples including a missing value

and redundant variables having a constant value were all eliminated.
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Table 2: List of large-sized instances

abbreviation n p original dataset [3]

YearMSD 51630 90 YearPredictionMSD (test set)

CTSlices 53500 384 Relative location of CT slices on axial axis

The numerical experiments tested the computational performance of the following methods:

• SWconst: stepwise regression starting with no explanatory variables (i.e., S = ∅),

• SWall: stepwise regression starting with all candidate explanatory variables (i.e., S =

{1, 2, . . . , p}),

• MIQP: MIQP formulation (13)–(15).

Both stepwise regression methods iteratively add or eliminate an explanatory variable such that

Mallows’ Cp is minimized. The estimator, σ̂2, of the residual variance was set as in (3).

All computations were performed on a Dell Precision T5500 PC1. For each instance, a sin-

gle thread and 16GB of memory were allocated to the branch-and-bound procedure. We used

CPLEX 12.5 [17] as the mathematical programming solver for MIQP problem (13)–(15). In

addition, indicator, a function implemented in CPLEX was used to impose logical implica-

tions (14). We also performed stepwise regression methods with the step function implemented

in R 3.0.2 [27].

Table 3 shows the computational results for the small-sized instances listed in Table 1. The

columns labeled “Cp”, “AIC” and “adj.R2” are respectively the values of Mallows’ Cp [22],

Akaike information criterion [1], and adjusted R2 [31] of the subset regression models built by

each method. Note that the best Cp/AIC/adj.R2 values for each instance are bold-faced. The

column labeled “|S|” is the number of selected variables, and the column labeled “time (s)” is

computation time in seconds. The MIQP computation was terminated if it did not finish by

itself after 1000 seconds.

From Table 3, we can see that the two stepwise regression methods, SWconst and SWall,

provided different subsets of explanatory variables for all instances except Housing. The num-

ber of explanatory variables selected by them also varied considerably in several cases; for

instance, SWconst and SWall respectively selected 12 and 21 variables for ForesetFires. For

BreastCancer, Automobile and Crime, the Cp values obtained by the stepwise regression meth-

ods were inferior to those of MIQP, which implies that the stepwise regression methods failed

to find the best subset of variables. For the other seven instances, at least one of the Cp values

obtained by SWconst and SWall was equal to that of MIQP. SWconst and SWall finished their

computations in a very short time. More specifically, they required less than 100 seconds for all

instances in Table 3.

1CPU: Intel Xeon W5590 3.33GHz×2; RAM: 24GB; OS: 64bit Windows 7 Ultimate SP1; chipset: Intel 5520.
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Table 3: Results of the small-sized instances

instance n p method Cp AIC adj.R2 |S| time (s)

Housing 506 13 SWconst 10.11 3023.7 0.7348 11 0.40

SWall 10.11 3023.7 0.7348 11 0.09

MIQP 10.11 3023.7 0.7348 11 0.30

Servo 167 19 SWconst 6.64 408.8 0.7405 9 0.36

SWall 8.47 410.6 0.7391 10 0.28

MIQP 6.64 408.8 0.7405 9 0.62

AutoMPG 392 25 SWconst 11.50 1945.8 0.8685 15 0.79

SWall 16.63 1950.9 0.8677 18 0.36

MIQP 11.50 1945.8 0.8685 15 1.30

SolarFlareC 1066 26 SWconst 5.09 2435.8 0.1856 9 0.61

SWall 10.04 2440.7 0.1849 13 1.26

MIQP 5.09 2435.8 0.1856 9 6.54

SolarFlareM 1066 26 SWconst −0.78 381.9 0.0949 7 0.40

SWall 3.23 385.9 0.0931 9 1.29

MIQP −0.78 381.9 0.0949 7 4.37

SolarFlareX 1066 26 SWconst −6.50 −2333.8 0.1283 3 0.18

SWall 2.31 −2325.1 0.1260 9 1.31

MIQP −6.50 −2333.8 0.1283 3 0.64

BreastCancer 194 32 SWconst 2.83 1885.7 0.2265 8 0.33

SWall 4.16 1886.3 0.2389 12 0.95

MIQP 2.19 1884.6 0.2383 10 317.95

ForestFires 517 63 SWconst −6.79 1778.4 0.0928 12 1.00

SWall 6.25 1791.1 0.0858 21 8.53

MIQP −6.79 1778.4 0.0928 12 1000.00

Automobile 159 65 SWconst 44.49 2733.4 0.9569 21 1.42

SWall 28.74 2708.8 0.9658 37 3.37

MIQP 16.13 2698.3 0.9667 28 1000.00

Crime 1993 100 SWconst 37.13 −2379.9 0.6804 41 26.51

SWall 24.56 −2393.5 0.6840 50 95.83

MIQP 24.21 −2393.8 0.6839 49 1000.00

By contrast, we quit MIQP computation after 1000 seconds in three instances, ForestFires,

Automobile and Crime. In these cases, the subsets of explanatory variables obtained within 1000

seconds were not necessarily the best. Nevertheless, for all instances, MIQP successfully found

a subset that was as good as or better than those found by the stepwise regression methods. In

particular, for Automobile, the obtained Cp values differed substantially among SWconst, SWall

and MIQP (44.49, 28.74 and 16.13, respectively). MIQP also attained good AIC and adj.R2

values relative to those of the stepwise regression methods. In view of these observations, we
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Table 4: Mallows’ Cp for the YearMSD and CTSlices instances

instance n p set SWconst SWall MIQP1000s MIQP10000s

YearMSD 1000 90 A 18.21 20.77 18.21 18.21

B 20.42 19.74 19.06 19.06

C 16.67 17.64 16.51 16.51

D 36.01 28.43 28.34 28.34

E 23.54 23.15 23.15 23.15

10000 90 A 44.79 42.53 42.53 42.53

B 51.26 48.33 48.33 48.33

C 50.97 49.21 49.21 49.21

D 48.78 46.08 46.08 46.08

E 37.77 38.67 37.45 37.45

CTSlices 1000 384 A 121.09 114.87 120.61 115.21

B 115.19 102.66 99.89 99.33

C 107.88 111.41 107.58 107.28

D 117.48 113.12 120.93 116.34

E 128.71 132.80 131.64 123.17

10000 384 A 228.54 224.20 225.77 222.58

B 227.90 228.88 232.11 227.72

C 231.99 229.90 229.69 228.58

D 259.98 243.31 245.31 243.40

E 231.05 230.18 230.60 229.18

expect that MIQP will be able to find a good-quality solution even if its computation has to be

terminated before optimality is proven.

Next, we evaluated the usefulness of MIQP as a heuristic method with a time limit. For this

purpose, in addition to SWconst and SWall, we tested the following methods:

• MIQP1000s: MIQP formulation (13)–(15); the computation was terminated in 1000 sec-

onds,

• MIQP10000s: MIQP formulation (13)–(15); the computation was terminated in 10000

seconds,

on the two large-sized instances, YearMSD and CTSlices, listed in Table 2. Here, five sample

sets (A, B, C, D, E) of n = 1000 and 10000 were created by drawing samples from each instance.

Table 4 shows the Mallows’ Cp obtained by each method. Here, the best Cp values for each

sample set are bold-faced. Table 5 shows computation time taken by each method to find the

best solution.

We begin by evaluating the results of YearMSD. Table 4 shows that among the four methods,

MIQP1000s and MIQP10000s attained the best Cp values for all ten sample sets. This means that
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Table 5: Computation time in seconds for finding the best solution of each method for the
YearMSD and CTSlices instances

instance n p set SWconst SWall MIQP1000s MIQP10000s

YearMSD 1000 90 A 11.9 38.9 126.9 126.9

B 7.9 47.1 67.4 67.4

C 9.4 39.2 90.0 90.0

D 12.0 40.3 892.2 892.2

E 12.8 37.9 195.4 195.4

10000 90 A 216.1 328.1 9.2 9.2

B 189.1 282.1 0.4 0.4

C 161.2 281.9 109.0 109.0

D 132.6 294.5 8.7 8.7

E 145.7 300.5 5.4 5.4

CTSlices 1000 384 A 2085.5 6702.2 907.1 4902.2

B 1098.7 6486.1 940.6 1976.9

C 1521.4 6355.0 910.6 1655.1

D 1564.7 6336.1 735.5 9867.2

E 1931.3 6138.1 887.2 3205.5

10000 384 A 36077.6 62672.3 862.2 7732.0

B 38648.2 60506.6 904.8 9334.4

C 33538.5 68777.5 804.7 8043.8

D 36055.3 63243.6 849.6 9338.4

E 38157.2 67799.0 942.6 1790.7

MIQP needs only 1000 seconds to find a good-quality solution. On the other hand, SWconst and

SWall always arrived at different solutions. Moreover, we can see that these stepwise regression

methods failed to find the best subset of variables for sample sets B, C, D of n = 1000 and

E of n = 10000 because their solutions were inferior to the MIQP ones. Table 5 shows that

when n = 1000, SWconst found its best solution faster than the other methods found theirs.

Conversely, when n = 10000, MIQP1000s and MIQP10000s found their best solution much faster

than the stepwise regression methods did. It seems strange, however, that MIQP found its best

solution faster on average for n = 10000 than for n = 1000. This is probably because a large

number of samples changes the nature of the problem such that good solutions have similar

structures. This property is known as the proximate optimality principle [11], and it enhances

the performance of heuristic procedures in a mathematical programming solver.

Turning to the results of CTSlices, Table 4 reveals that MIQP10000s always attained Cp

values lower than those of MIQP1000s. For this reason, we can see that MIQP requires more

than 1000 seconds to find an optimal solution. For seven out of ten sample sets, MIQP10000s

attained a better Cp value than those of SWconst and SWall. Moreover, Table 5 shows that

when n = 10000, SWconst and SWall were much more time-consuming than MIQP10000s. The
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most prominent example of this is sample set E of n = 10000; MIQP10000s found its best

solution in 1790.7 seconds, whereas SWconst and SWall respectively took 38157.2 and 67799.0

seconds to arrive at solutions inferior to that of MIQP10000s. Accordingly, we can conclude that

our MIQP formulation has clear advantages over stepwise regression methods especially when

it comes to handling datasets with a large number of samples.

5 Conclusion

This paper dealt with the problem of subset selection for a linear regression model. To select the

best subset of explanatory variables according to Mallows’ Cp, we developed a computational

method based on mixed integer programming (MIP). The computational results confirmed the

effectiveness of our subset selection method. Given sufficient time, the method can find an

optimal solution, and even if it must quit before proving optimality, the resulting solution is of

good quality.

The contributions of this research are twofold. First, we proposed a mixed integer quadratic

programming (MIQP) formulation for minimizing Mallows’ Cp without pre-specifying the num-

ber of explanatory variables to be selected. It is known that recent mathematical programming

solvers can solve MIQP problems efficiently. Indeed, our method found the best subset of ex-

planatory variables in a few seconds when the number of candidate explanatory variables is less

than 30. Second, we demonstrated that our MIQP formulation with a state-of-the-art math-

ematical programming solver outperforms stepwise regression methods as a heuristic method.

Even when it had to be terminated before proving optimality, the obtained solution, though

not necessarily optimal, was in most cases better in terms of Cp than those of the stepwise

regression methods. Moreover, when the number of samples was large (e.g., n = 10000), our

MIQP formulation frequently found better-quality solutions faster than the stepwise regression

methods did.

This study illustrates the fact that the MIP approach is a powerful tool for statistical data

analysis. Previously, one had no choice but to depend on heuristic algorithms like the stepwise

regression method in order to select a statistical model from a huge number of candidate models.

However, such heuristic algorithms do not necessarily find an optimal model. Indeed, we showed

that the stepwise regression methods arrived at solutions that were markedly inferior to the

optimal ones; see, for instance, the results for Automobile in Table 1. The performance of

mathematical programming solvers has rapidly improved in recent years. As shown in this

paper, the MIP approach has great potential for selecting a good statistical model efficiently.

A future direction of study will be to speed up the MIQP computation by exploiting its prob-

lem structure. For instance, Bertsimas and Shioda [4] developed a tailored branch-and-bound

algorithm to efficiently solve particular MIQP problems. Moreover, Konno and Takaya [19] de-

veloped a multi-step method, which is a hybrid heuristic algorithm using the MIP formulation as

a subprocedure. Similar approaches suited to the problem at hand will lead to a fast algorithm.
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