
A detailed derivation of q̂n → q̃n in probability

The derivation of the fact that q̂n → q̃n in probability can be established in a sim-

ilar way as in that of Theorem 2.1 of Srivastava and Du (2008). Since x̄1 − x̄2 ∼
Np(0, N

−1
1 Σ1 + N−1

2 Σ2) we have x̄1 − x̄2 = D1/2y where y ∼ Np(0,R). Then (x̄1 −
x̄2)

TD̂−1(x̄1−x̄2) = yTD̂−1Dy. Let σii = N−1
1 σ1ii+N−1

2 σ2ii and sii = N−1
1 s1ii+N−1

2 s2ii.

Then D̂D−1 = diag(σ11/s11, . . . , σpp/spp). Thus, by noting that

σii

sii
= 1−

(
sii
σii

− 1

)
+

(
σii

sii
+

sii
σii

− 2

)
,

we have

q̂n =
(x̄1 − x̄2)

TD̂−1(x̄1 − x̄2)− p
√
p

=
yTD̂−1Dy − p

√
p

=
yTy − p

√
p

− yTD1y√
p

+
yTD2y√

p

= A−B + C, say,

where

D1 = diag

(
s11
σ11

− 1, . . . ,
spp
σpp

− 1

)
, D2 = diag

(
σ11

s11
+

s11
σ11

− 2, . . . ,
σpp

spp
+

spp
σpp

− 2

)
.

Note that A = q̃n. Let ui = sii/σii − 1, then E(ui) = 0 and E(uiuj) ≤ 2ρ2ij/min(n1, n2).

Since y is independent of D1 and y = R1/2z where z ∼ Np(0, Ip), we have E(yTD1y) =

E{yTE(D1)y|y} = 0 and

Var(yTD1y) = E{(zTR1/2D1R1/2z)2} = E{2tr(RD1)
2 + (trRD1)

2}

= E

{
2

p∑
i,j=1

ρ2ijuiuj +

( p∑
i=1

ui

)2
}

= E

{
3
∑
i=1

u2
i +

∑
i ̸=j

(1 + 2ρ2ij)uiuj

}

≤ 6p

min(n1, n2)
+

2

min(n1, n2)

∑
i ̸=j

(1 + 2ρ2ij)ρ
2
ij

≤ 3

min(n1, n2)

{
2p+

∑
i ̸=j

ρ2ij +
∑
i ̸=j

ρ2ijρ
2
ij

}

≤ 6

min(n1, n2)
trR2.
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In the second equality above we use the fact that

E{(zTAz)2} = E{2trA2 + (trA)2}

for a symmetric matrix A independent of z (see, e.g., Schott (2005)) and we use ρ2ij ≤ 1

in the last inequality. Thus, we obtain B = Op(N
−1/2
m ) if trR2 = O(p) where Nm =

min(N1, N2).

Since D2 is non-negative matrix, it follows that

E(|yTD2y|) = E(yTD2y) = E(trRD2) =

p∑
i=1

E

(
σii

sii
+

sii
σii

− 2

)
.

Note that E(sii/σii − 1) = 0. By the taylor expansion we also note that E(σii/sii) =

1 + O(N−1
m ). Thus, E(|yTD2y|) = O(pN−1

m ) which implies C = Op(p
1/2N−1

m ) form the

Markov inequality. Therefore,

q̂n = q̃n +Op

{
max

(
1√
Nm

,

√
p

Nm

)}
.
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