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Outline

o V74 AIIETINEIK
> BEAMIID T T & REF SIS
» Hammersley-Clifford Theorem
e HURIZ 714 HIETI
» AN=REFTIVT
» ANEANDIFLL (row-wise)
TILT A ZANENDISAL |

Discussion

T Joint work with Prof.Fujisawa and Prof.Drton (2018, Stat, vol.7)
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T274H0ILETIL

MELTHED "KEHEFR 2777 TRELEHD
e V27 G=(V,E), BERESRV £II&EE E (EM)
o HR EHEXRTH{X, v e VDN
o i (u,v) DEEN X, X, BD Tk#EZER OEEICHS

X Xy ::::W":'u
X5 o '..". N °e
--“;.'.u @ Ve
_:.. e . ’i g:“n
° 4 H oo
X2 X3 A S
o .‘\. ol . 3%
V ={1,2,3,4,5} .‘*:.._ . "' 2

E = {(172)’ (174)7 (2’ 3)7 (374)7 (4’ 5)}
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"MREBEIfR) &I

RFPITAXXI)ILa7

BEER{X, v e V} NI TT G =(V,E) LBLTRZIAIXNI)L3
7THBEE, RBRIDEEDIEEWNS:

Xy AL Xy | X\ fu,py forall (u,v) ¢ E

o MRFREAMR = M S IRz
o £S5 THEFR? = Hammersley-Clifford Theorem

Remark
o ICHBMor KIEXTILAT7 EMENZBERIELH D
o F¥ U <& Lauritzen (1996) %2 &
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Hammersley-Clifford Theorem

BEZHX ={X,:veV}N/Z7G=(V,E)ICEBLTRFTARY
LT TH DI & &RISFAE:

f@) =[] ¢c(@c), zeRY

cecC

ZTToc RO SRTHD, ClEGORETD (IBX) 7V —0 DES

e COEFER :CeCif (u,v) € Eforallu,veC

o MRDE : DV U—JIcEFNBNI &
Remark

o {¢pc:CeC}F—RICEEXRSEWN

o po NEBEMNLBEKREZRFDOLEFRL
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Examples

Xl X4 X1 X4
X5 X5
Xy X3 Xo X3
(a) (b)
Figure (a)

o f(x) = d12(w1, 22)P14(21, 24) P23 (w2, 23) P34(23, T4 ) Pa5(74, T5)

Figure (b)

o f(x) = dr1234(w1, T2, 23, T4) Pa5(T4, T5)
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HORTZ 71 BILETI

Goal : T—H BRI SV 77 G DHTE
o BE f(x) DIFEWMILE
o —MMICHEENRE = DIEDRE or 77 7HEEICHIKY

HORTZ 714 HILVETI

1 1 <& )
r)= ——exp| — = E WurZuly |, x € RP
@)= s p< 2 4

o RN N,(0,X) DEE. /2L Q=371 = (ww)
o M u#07TH OK

wuv:wvuzoﬁ(u,v)gE‘
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Examples

Xl X4 Xl X4
X5 XS
X X3 Xo X3
(a) (b)
Figure (a)
o f(ar:) ~ €_w12;w21 a:lccze—w“;w“ T e_&%‘é‘_wﬁu%

Figure (b)

o f(x) xxexp ( — % wa:l wuvxuxv) exp {%(w45 + w54):c4a:5}
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HORTZ 71 BILETI

Goal = BETH Q =X OHEE
o FFICHETI QD0 EXRZHE
o ZAN—=RETVIILRE!
» EEHEBNICE DN D/INT A —F % 0 ICHEEATHE

Famous methods

o Node-wise regression (Meinshausen and Buhlmann, 2006)
o Glasso (Friedman et al., 2008)
e CLIME (Cai et al., 2011)
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AIN—AHIRITZT4hILETYVY
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Lasso
o y e R": HERZEH, Z e R : FREAZEITSI
o (y,Z) IFHICHiIMEL THL
Lasso : argmin iHy —~ Z0|3+ )0
gcrr 21
e RDKSICHEITS

1 (272 ZTy\"
argmin—GT( )9— <y> 0 + X601
OcRp n n

» ZTZ/n : SREAEHE DD EITS
» ZTy/n : ERERERFALRDOHLIE
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Node-wise regression

Anderson (2003)
If X ~ N,(p,X) then

-1
Xj| X\; ~N (#j + 35020 (X — ), g — 352 \]E\Jﬂ)

o REEIFMEEICIRE
X; =B + XLV +¢;, j=1,2,....p

where ﬁéj) — 350\ 2\ V1LY and BV

=32\
.é%@%%w

Robust graphical modeling
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QD0ERMTE = Lasso x RITE
o S EXRHEANEITH

BY) = axgmin 57,8~ 8,8+ A8l G =12, .p
BeRr—1
o ERDHEE ' 4
> AND rule : E = {(i,]) : ,él(]) # 0 and ,351) #0}
> ORrule : £ ={(i,j): B # 0 or B # 0}
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Glasso (Graphical Lasso)

0 HR E WAL E % BR#E

Glasso : argmin trSQ — log |2] + \||€2]1

Q>0
VEEDHTE
o WHEEBDIFOEXRTOK: F = {(i,7) : Qij # 0}
BEt7ILI) X A

@ Original (Friedman et al., 2008)
» O ZFEH « WHBEBOE TEH (Mazumder and Hastie, 2012)
@ QUIC (Hsieh et al., 2011)

» O T BEEEH
» R package QUIC
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QUIC

2 B + BERRE TR
e g(02) =trSQ —log ||
) Qt+1 — Qt +aD (\:.E?Fﬁ- fere lJ,

D = argmin g, (A) + A||Q2% + A1,
A
_ 1 _ _
g0, (A) = g() + tr{(S — ;1) A} + §tr(ﬂt 'aQ;'a)

o A DEEALIFEEZRET A
Dij = Dji = argmin gnt(A) + /\“Qt + AHl,

A=A

given {AkZ : (k‘,[) 7& (ivj)’ (]vl)}

Robust graphical modeling 15 / 55



CLIME

ldea : SQ T IRRAIN—XOQZEBDF3

Q0 = argmin |||, subject to ||[SQ — Is < A
oEHMﬁW(§Z>iF® y
RELDA A=Y

feasible set
o BEBRECRE el \\\v\WQ—MmSA

T

RERICHIMED D E

QCEME — aromin Q0 — Q|2 on {2 =07}
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ANIEN DXF AL
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clean

U

c

=& %0
RiFANEL

SN

Sz

—5h
fex

=]

o EMNEWNWT
o U7 DHE

Motivation
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T
15
contaminated

30

25

20

15

GGPPS6

DXPS3 GGPPS1

SNP dataset

DPPS2

AACT1
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t-Glasso

ERAELDBEDENDHICEE
o ZZE t N %Z{RE (Finegold and Drton, 2011)

1
X=p+ 22, Z~N0.%), 1~Tw/2v/2)
o X OHEVE, TNUNIBELH

Remark
o Goal : /o 71#BEQ =" DHTE
e X DU ZT74HIETILEHEL TV
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t-Glasso
HEZILTY X A
e Given u!, Q!, update

t4+1 v+p
e
T v ot )

5(xi; pt, B = (@ — )T Q (z; — ph)

o Update
n (t+1)
v x
pttt —21_711 Sz L Q! Glasso(STTL: \)
Zz 17—
where

T
St—i—l ZTZH-I x; t—i—l)(wz Mt—i—l)
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~v-Glasso

NANEDFZEZEINT 2K SIC Glasso DENEHZETE
e KL divergence = ~-divergence (Hirose et al., 2017)

HEZILTY X A
e Given v > 0, u!, ©, calculate

o= o= 3(@i—p) Q@i — ')}
oY e | - (k- pt) T — pt)}

e Update p!*t « 3" | w!x; and

1
Q! argmin tr(STTIQ) — log |92] + \||€2]|1
Q>0 I+~
where
n
Clanes Z “’5(%‘ - Mt+1)($z‘ - Mt+1)T
=1
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ANEDEE

t-Glasso & ~-Glasso DEE
o BLHAINY NILICEH = row-wise HAEDEE A LE
o cell-wise ANEDIZEIEHERD OERINY N LHERA

row-wise cell-wise

ARRRRARRERREN é(?ti.

“xx

covsameerr L EE R

muEEENEEENEEE ;H.#

Feature Feature
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TILT A ZANENDISIL

Node-wise regression

ﬂ(J _a'rgmln 18 S\]\]IG \]B—F)‘H/B“lv J=12,...,p
BeRp—1

Glasso

argmin trSQ — log || + A||Q2||1
Q>0

argmin ||Q2||; subject to ||SQ — I|jec < A

HNBITII S A5 F<HETENFRSZS |
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Goal : X ®O/NZ METE under EILT 1 XANIE
o 85N/ 3 % Node-wise regression, Glasso, CLIME [Z A1

Katayama, Fujisawa and Drton (2017)
o ~-divergence ZFAWTXY U4 XIC X ZHEE

u
EEE, SRS

Sample

Feature
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TTI)L

Cell-wise contamination model
@ X € RP with

X=(I-EY+EH

oY ~ Ny(, %)

o H : ANfE with density h(x)

o E= diag(Eh o Ey) r FNEND{0,1} 2D 2 [EREREH
P(E; ) =¢; : ANEDEAR

° Jb L E; = E, 753 row-wise ANAE
Y7L
o Xi,..., X, WIRIMICEZEDETILDSAER
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~v-divergence

o f: T—HDED (FAN) BERHK
» RPTA ZEEBDTEZDDIFER 2 RT
gy : INTA—=F 0 ZFDOEREE
» BIZIE 1 RTTEE 0 = (py,045)
e 0*: EDINTX—%
o FEEDESZEFESE f=(1—¢)gp- +ch

o T—HIMS O DIEE
o fL g EEBIEDITTHY A
e ~-divergence ZfF > TiADIT 3!
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~-divergence
e Fujisawa and Eguchi (2008)
o RDBMBEKZER/IME (v > 0):

Mﬁw%r%m/h@w@MM- 1%/MWMM

1+~

log / go(x) T dx

1 n
=3 log » o) +

i=1

1+~
o EELME :

é7 = arg;nindv(fn,gg) — 0, = arggnindy(f, 99)~ arg;mindv(g,gg)

(S nBEOFEE BB HRE!|
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NJw o

log / gy Vdx

1 1
:—;log/{ (1—¢ g+€h}g dr + T 7log/g‘;’wdac

_|_
= —llog (1—6)/99 dx+5/hg'yd$ + ! IOg/gH’de
~ 4 o 14+ 0
1 1
~ —;log(l _5)/gggdx—|— g 10g/9;+7d$

X d’Y(gvge)

1
d(f.90) = = log / fogda + -

= [ h(w)g) (x)dz BHHNS W& & TR
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= [ h(z)g, (z)dx (NS L 72BHV?
o h 75\ 94 @?Eﬁl_h_af')nti OK
o h~ N(a,1), go ~ N(0,1) = v(0;7) = c1,,exp{—ca(a — 0)*}
HEHARRIC I
o 0% 0 EfE TREL
» RWHIHAEZ > TREIL

(0 = 0,0 = 5) (0" = 0,a = 10)

8 10 12

; <
< > T j T y
5 0 5 10 5 0 5 10
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y-divergence & F W e R BT HERE
YTV 2 ERFEHETE
o { Xty D5 (g, 05;) ZHETE
o BEAL Z;; = (Xi — Mj)/\/@?ﬁ, pjr = Corr(X;;, X;1,) ZHE
Step 1
® Gujoi) ~ Nwj, 055)

(f1,655) = argmindy, (£9), g(,.0.))

1j:05j
Step 2
o Gpye ~ 1088 py1 EFHD 2 RIMBEERHT
Pk = argmindv(féj’k),gpjk)
lojrl<1
Output : ﬁ)jk = &;;Q&Iil/czﬁjk
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Step 1 DA

EM-like algorithm by Fujisawa and Eguchi (2008)
o UTZINRIZEXTHRDIRT

t+1 1
‘_Z‘” Xijy og; < (1+7) E:wzg i —

where

t\2
Wt — exp { ;] (X :uj) }

Y ZZ 1 exp { XZ]

o MHABIFONR N RHDEER
> pf = Med({Xi; }iy)

> (09)1/% = Mad({X;;}7,) = 1.483 Med({| X;; —

Robust graphical modeling

t+1)

0 n:1)
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Step 2 DA
HlHE FAXEICEE

argmin h(pji) := d’Y(f’r(ij)7ngk)7 R<1
lpjk|<R

T EIGRY 3 X TIRDET (BIRARE)

@ ¢ : step size

g P T
sgn(pj, )RR, otherwise
where
Pk = Pi = & Vh(ply)
Remark

o FIHAMEI o0 = 0T OK (SNERICIBREA A WRD)
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T DEEEMEICDOWNT

Remark
o 3 [FIEATEEMHMRIES 11720
Node-wise regression
° 3 >0 = BWEHOMMEER
Glasso
o Freedman D7 I)LTYU XL = S+ A > O R E
o QUIC = 3 > 0 D& EDHINHIRIE
CLIME
e <0=QhrEaDHAERERED
° 3 =0 = RTAUEBIEELRVWT—ZANH D
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EAWICS > 0N RE
o BHEBLTLSICHE (5> 0)

min||S — 3lp subject to S > &I

o 3 EEGMENML CEHEE )\, & max()\;,0) TBEEMWZ B
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EEFEDIED

Goal : 757 G OHE & Q="' OHtE
o RTDELKDNRT (j,k) lcH LT 2y, BEHE
o T3S = (B;;) B L = > 6T £122 &S ITHE
o HE LTINS ZANE UTRRN—RY S T#HEEEHEA

Option : EF 21—V 7 /NT X =5 D&EIR
o Node-wise regression = Stability approach (Liu et al., 2010)
@ Glasso & CLIME = Z7OZXNUF—Y Y

L(\) = tr <f32f21()\)> — log det 4 (\)
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B &R

YV ICED L HEDHERE
o Sk = 6,126, bt (AT —ILIE Mad THEE)
e Kendall's tau (Spearman’s rho)

e Gaussian rank correlation (Boudt et al., 2012)

pA]k Zz 1(1) 1{ n+1 }(I) 1{ n+11k)}
2
2 l{q) n+1)}

Remark
o Gaussian rank D& 3 > O ZAREE
e Nonparanormal (Liu et al., 2009) €T /LD T THRE

» BBEFEB S, [, FEELT (X)), ..o, fo(Xp)) ~ Np(p, X)
» Nonparanormal SKEPTIC (Liu et al., 2012)
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B &R

HABOERICE DK 7 FO—F (Tarr et al., 2016)
o Gnanadesikan and Kettenring (1972)

Cov(X,Y) = ﬁ{V(aX +BY) — V(aX — BY))

ot =V(X), pI=V()

o V() ZO/NX MNERE
> Qn =2.222{|Z; — Zj| :i < Yy k= (D) /4
Remark
o 3 > O RIS AR
o EERIIIC AT —ILDHEE(IFH F D EF < LD
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WB W3R 57 (p=100)

Chain Hub Scale-free Random
S o
00 Es 0v, Foode | B
\ S Sy LeEt
R 3

‘ Chain  Hub Scale-free Random
Edges 99 95 99 156
Max. degree 2 19 15 4
Mean weight | 0.57 0.43 0.28 0.25
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ZDMDEKTE

T—5 DERL
o (n,p) = (200,100), &1 = - - = &, € {0.05,0.15,0.25}
EILTA X BANE
@ Asymmetric & Symmetric
FHEE R
e ROC curve (FPR(A), TPR()))
FPR()) = % TPR(A) = |E|2|E |

e \EFa1—=>% = TPR, FPR, MSE (||? — Q||¢/p)
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ROC curves for Glasso

Asymmetric

Chain (5% contamination) Hub (5% contamination) Scale-free (5% contamination) Random (5% contamination)

— T T
00 01 02 03 04 05 06 00 01 02 03 04 05 00 01 02 03 04 05 06 00 01 02 03 04 05
FPR FPR FPR FPR
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ROC curves for Glasso

Symmetric

Chain (5% contamination) Hub (5% contamination) Scale-free (5% contamination) Random (5% contamination)

ust graphical model 42 / 55



Tuned A\ for Glasso

€ =0.25
Chain Scale-free Random
MSE TPR FPR MSE TPR FPR MSE TPR FPR
Asym. ~+=0.3| 0.074 0.992 0.106 | 0.053 0.584 0.044 | 0.049 0.753 0.063
(0.004) (0.011) (0.025) | (0.002) (0.103) (0.020) | (0.005) (0.165) (0.031)
v=0.5] 0.085 0972  0.064 | 0.055 0.458  0.029 | 0.051 0.692  0.045
(0.003) (0.026) (0.023) | (0.002) (0.114) (0.017) | (0.002) (0.079) (0.021)
Qn 0.140 0.941 0.132 0.098 0.488 0.084 0.086 0.665 0.112
(0.001) (0.028) (0.035) | (0.001) (0.090) (0.028) | (0.001) (0.080) (0.037)
Sym. ~y=0.3] 0.046 0.821 0.079 | 0.053 0.595 0.047 | 0.046 0.825 0.078
(0.002) (0.038) (0.020) | (0.002) (0.068) (0.018) | (0.002) (0.045) (0.020)
v=0.5] 0.050 0.700  0.049 | 0.055 0.436  0.025 | 0.050 0.707  0.049
(0.002) (0.082) (0.021) | (0.002) (0.102) (0.014) | (0.002) (0.083) (0.022)
Qn 0.082 0.744 0.292 0.094 0.505 0.248 0.082 0.742 0.288
(0.002) (0.073) (0.028) | (0.001) (0.096) (0.025) | (0.002) (0.065) (0.027)
s



ROC curves for Node-wise regression

Asymmetric

Chain (5% contamination) Hub (5% contamination) Scale-free (5% contamination) Random (5% contamination)

0.8
!

TPR

Chain (15% contamination) Hub (15% contamination)

08
!

ST T S T T T T T
00 01 02 03 04 05 06 00 01 02 03 04 05 00 01 02 03 04 05 06 00 01 02 03 04
FPR FPR FPR FPR

ust graphical model



ROC curves for Node-wise regression

Symmetric

Chain (5% contamination) Hub (5% contamination) Scale-free (5% contamination) Random (5% contamination)

ust graphical model




Tuned X for Node-wise regression

e =0.25
Chain Scale-free Random
TPR FPR TPR FPR TPR FPR
Asym. ~=0.3| 0.978 0.059 0.614 0.057 | 0.776  0.062
(0.013) (0.024) | (0.065) (0.019) | (0.060) (0.021)
=05 0972 0.046 | 0530 0.041 0.680  0.042
(0.019) (0.016) | (0.090) (0.019) | (0.075) (0.017)
Qn 0.881 0.062 0.429 0.058 0.547 0.059
(0.043) (0.022) | (0.069) (0.019) | (0.069) (0.020)
Sym. ~=0.3| 0.977 0.063 0.622 0.059 | 0.782  0.066
(0.016) (0.027) | (0.062) (0.021) | (0.047) (0.020)
v=0.5| 0975 0.047 | 0526 0.041 0.678  0.040
(0.018) (0.016) | (0.084) (0.016) | (0.067) (0.017)
Qn 0.600 0.137 | 0.137 0.132 0.183 0.132
(0.116) (0.018) | (0.066) (0.015) | (0.094) (0.019)

Robust graphical modeling
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Real data analysis

YOAXFXFDELEFT—F
o Wille et al. (2004)
e n =118, p = 39 (small dimension)
o ZH (EIE:F)IF3ID2DTVIL—TFlcaltond
» MEP /XX 4, MVA/XR T A, ZDfh

Daily S&P 500 stocks
e n = 1257 (Jan. 2003 — Jan. 2008), p = 452 (large dimension)
o ZHIF 10 DT IL—T (GICS) IcFBND
> BREh AHEE TXRILF—, R, etc
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YOA X FXFDELFT—% (30 edges)

gamma=0.3
DXPSL DXPS2  DXPS3 AACT1
meT
CMK
DXR
HMGR1
MECPS
HDR IPPI1 HDS
MPDECL
GPPS
GGPPS2
GGPPSSGGppsy1 PRDSL FPPS2
GGPP:
ge?;%ﬁjppsuppbg oRpsy COPPSS
Ui@sL GGPPS4
GGPPSL
GGPPS5  GGPPS9
Gaussian Rank
DXPSL DXPS2  DXPS3 AACT1
Yed
cMK
DXR
HMGR1
MECPS
HDR PRIl HDS
MPDCY
GPPS
GGPPS2
GGPPS6gpps11 PPDSL FPPS2
GGPPS
comen orpsz S0P
URBSL GGPPSA

GGPPS1
GGPPS5 GGPPS9

HMGS

1PPI2

HMGS

1PPI2

AACT2

HMGR2

MPDC2

PPSL

DPPSL

DPPS3

AACT2

HMGR2

MPDC2

FPPSL

DPPSL
DPPS3

Kendall’'stau
DXPSL DXPS2  DXPS3 AACT1
meT
CMK
DXR
HMGR1
MECPS
HDR IPPI1 HDS
MPDC1
GPPS
GGPPS2
GGPPSSGGpps11 PRDSL FPPS2
G S8,
G;PP%PPSQPPDSZ oRpsy COPPSS
Uig@sL GGPPSA
GGPPSL
GGPPS5  GGPPS9
Qn
DXPSL DXPS2  DXPS3 AACT1
mer
oK
DXR
HMGR1
MECPS
HDR \ IPPIL . HDS
MPDC1
GPPS
GGPPS2
GGPPS6 s pps1{ PPDSL FPPS2
GGPPS3
coman pppsz OPPSS
U@L GGPPS4
GGPPS1

GGPPS5 GGPPS9

AACT2
HMGS

HMGR2

MPDC2

1PPI2
FPPSL

DPPSL
DPPS3

AACT2
HMGS

HMGR2

MPDC2

IPPI2
FPPSL

DPPS1
DPPS3
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S&P 500 stocks (2,500 edges)

gamma=0.1 gamma=0.3
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INT A —X YV A DIER

Simulation

0 7=03,05EEBITRAER NS DEEZIFTEAERITRL

o Q, DUREIFV Z7HEE (RICF1—=VvI)IcEAIND
YOAXFRXFOEEFT—Y

e v=03¢& Q, /NIRRT A EDORENEZRZ DI EICHIN
S&P 500

o EDAHETHYIL—THEE (GICS) hEflan

o v=0.1 TRAHREZE (F) &£F=HM (F7) EIC/KR
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Discussion

Theory?
0 |2 - | PEARERNBHTEZHV?
o SABICET S or MBRBELEEDE = OK
» Miao (2010), Catoni (2012), Loh and Tan (2018+)
o SEIIFFFOFBE LA

Extension?
o HUVRUNDY Z7 1« HILVETIVICHEEATE 3H7?
» BICHD Y KT —INDBERANEE
o FAINHMNEVWG WL TEZ 515 I ENRERSKN
» 5l X | Poisson-log normal (Aitchison and Ho, 1989) %k &
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HOMESTNHRLEN

SHDORZA R FADIR—LAR=JICRTEVWTREXT
R code : https://github.com/shkatayama/robust_graphical_model
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