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Abstract. We consider the maximization of a gross substitutes utility
function under budget constraints. This problem naturally arises in ap-
plications such as exchange economies in mathematical economics and
combinatorial auctions in (algorithmic) game theory. We show that this
problem admits a polynomial-time approximation scheme (PTAS). More
generally, we present a PTAS for maximizing a discrete concave function
called an Mf-concave function under budget constraints. Our PTAS is
based on rounding an optimal solution of a continuous relaxation prob-
lem, which is shown to be solvable in polynomial time by the ellipsoid
method. We also consider the maximization of the sum of two M?-concave
functions under a single budget constraint. This problem is a general-
ization of the budgeted max-weight matroid intersection problem to the
one with a nonlinear objective function. We show that this problem also
admits a PTAS.

1 Introduction

We consider the problem of maximizing a nonlinear utility function under a
constant number of budget (or knapsack) constraints, which is formulated as

Maximize f(X) subject to X € 2V, ¢;(X) < B; (1<i<k), (1)

where N is a set of n items, f : 2 — R is a nonlinear utility function' of a
consumer (or buyer) with f(@) = 0, k is a constant positive integer, and ¢; € RY,
B; € Ry (i =1,2,...,k). For a vector a € R and a set X C N, we denote
a(X) = > ,cx a(v). The problem (1) is a natural generalization of budgeted
combinatorial optimization problems ([20, 21, 38], etc.), and naturally arises in
applications such as exchange economies with indivisible objects in mathemat-
ical economics ([18,19], etc.) and combinatorial auctions in (algorithmic) game
theory ([4,7,22], etc.).

The problem (1) with a submodular objective function f is extensively dis-
cussed in the literature of combinatorial optimization, and constant-factor ap-
proximation algorithms have been proposed. Wolsey [39] considered the problem

! Monotonicity of f is not assumed throughout this paper, although utility functions
are often assumed to be monotone.
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(1) with a monotone submodular f and k& = 1, and proposed the first constant-
factor approximation algorithm with the ratio 1 — e™? ~ 0.35, where 3 satisfies
e? = 2 — f3. Later, Sviridenko [38] improved the approximation ratio to 1 —1/e,
which is the best possible under the assumption that P # NP [10]. For the case
of a monotone submodular f and a general constant k£ > 1, Kulik et al. [20] pro-
posed a (1 — 1/e)-approximation algorithm by using the approach of Calinescu
et al. [5] for the submodular function maximization under a matroid constraint.
For a non-monotone submodular f and a general constant k& > 1, a (1/5 — ¢)-
approximation local-search algorithm was given by Lee et al. [21].

Submodularity for set functions is known to be equivalent to the concept of
decreasing marginal utility in mathematical economics. In this paper, we focus on
a more specific subclass of decreasing marginal utilities, called gross substitutes
utilities, and show that the problem (1) admits a polynomial-time approximation
scheme (PTAS) if f is a gross substitutes utility.

A gross substitutes utility (GS wutility, for short) function is defined as a func-
tion f : 2N — R satisfying the following condition:

Vp,q € RY with p < ¢, VX € argmaxycn{f(U) — p(U)},
Y € argmaxycn{f(U) — q(U)} s.t. {v e X | p(v)=q(v)} CY,

where p and ¢ represent price vectors. This condition means that a consumer
still wants to get items that do not change in price after the prices on other
items increase. The concept of GS utility is introduced in Kelso and Crawford
[19], where the existence of a Walrasian (or competitive) equilibrium is shown
in a fairly general two-sided matching model. Since then, this concept plays a
central role in mathematical economics and in auction theory, and is widely used
in various models such as matching, housing, and labor market (see, e.g., [1,3,
4,7,15,18,22)).

Various characterizations of gross substitutes utilities are given in the liter-
ature of mathematical economics [1,15,18]. Among them, Fujishige and Yang
[15] revealed the relationship between GS utilities and discrete concave func-
tions called M?-concave functions, which is a function on matroid independent
sets. It is known that a family F C 2V of matroid independent sets satisfies the
following property [30]:

(BR-EXC) VX,Y € F,Vu € X\Y, at least one of (i) X —u,Y +u € F,
and (i) eV \X: X —u+v, Y +u—ve€F, holds,

where X —u+w is a short-hand notation for X \ {u}U{v}. We consider a function
f + F — R defined on matroid independent sets F. A function f is said to be
M?-concave [30] (read “M-natural-concave”) if it satisfies the following:?

(MA-EXC) VX,Y € F,Vu € X\, at least one of (i) X —u,Y +u € F
and f(X)+ fY) < f(X —uw)+ f(Y +u), and (ii) Jv € Y \ X: X—u+tv,
Y+u—v € F and f(X)+ f(V) < f(X—u+v) + f(Y+u—v), holds.

2 The concept of Mf-concavity is originally introduced for functions defined on gener-

alized (poly)matroids (see [30]). In this paper we mainly consider a restricted class
of M%-concave functions.
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The concept of Mf-concave function is introduced by Murota and Shioura
[30] as a class of discrete concave functions (independently of gross substitutes
utilities). It is an extension of the concept of M-concave function introduced by
Murota [25,27]. The concepts of Mh—concavity/ M-concavity play primary roles
in the theory of discrete convex analysis [28], which provides a framework for
well-solved nonlinear discrete optimization problems.

It is shown by Fujishige and Yang [15] that gross substitutes utilities consti-
tute a subclass of Mf-concave functions.

Theorem 1.1. A function f : 2V — R defined on 2V is a gross substitutes
utility if and only if f is an M*-concave function.

This result initiated a strong interaction between discrete convex analysis and
mathematical economics; the results obtained in discrete convex analysis are
used in mathematical economics ([3,22], etc.), while mathematical economics
provides interesting applications in discrete convex analysis ([32, 33], etc.).

In this paper, we mainly consider the k-budgeted M"-concave mazimization
problem:

(kBM®M) Maximize f(X) subject to X € F, ¢;(X) < B; (1 <i<k),

which is (slightly) more general than the problem (1) with a gross-substitutes
utility. Here, f : 7 — R is an Mf-concave function with f(()) = 0 defined on
matroid independent sets F, and k, ¢;, and B; are as in (1). We assume that the
objective function f is given by a constant-time oracle which, given a subset X €
2N checks if X € F or not, and if X € F then returns the value f(X). The class
of Mf-concave functions includes, as its subclass, linear functions on matroid
independent sets. Hence, the problem (kBM?M) is a nonlinear generalization of
the max-weight matroid independent set problem with budget constraints, for
which Grandoni and Zenklusen [16] has recently proposed a conceptually simple,
deterministic PTAS using the polyhedral structure of matroids.

Our Main Result In this paper, we propose a PTAS for (kBM*M) by ex-
tending the approach of Grandoni and Zenklusen [16]. We show the following
property, where OPT denotes the optimal value of (kBM!M).

Theorem 1.2. A feasible solution X € 2N of (kBM'M) satisfying f(X) >
OPT — 2k max,en f({v}) can be computed deterministically in polynomial time.

The algorithm used in Theorem 1.2 can be converted into a PTAS by using a
standard technique called partial enumeration, which reduces the original prob-
lem to a family of problems with “small” elements, which is done by guessing a
constant number of “large” elements contained in an optimal solution (see §A.1
in Appendix; see also [2, 16,20, 34]). Hence, we obtain the following;:

Theorem 1.3. For every fired e > 0, a (1—¢)-approzimate solution of (kBMM)
can be computed deterministically in polynomial time.
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To prove Theorem 1.2, we use the following algorithm, which is a natural
extension of the one in [16]:

STEP 1: Construct a continuous relaxation problem (CR) of (kBM®M).
STEP 2: Compute a vertex optimal solution & € [0, 1] of (CR).
STEP 3: Round down the non-integral components of the optimal solution Z.

In [16], LP relaxation is used as a continuous relaxation, and it is shown
that a vertex optimal solution (i.e., an optimal solution which is a vertex of the
feasible region) of the resulting LP is nearly integral. Since the LP relaxation
problem can be solved in polynomial time by the ellipsoid method, rounding
down a vertex optimal solution yields a near-optimal solution of the budgeted
max-weight matroid independent set problem.

These techniques in [16], however, cannot be applied directly since the objec-
tive function in (kBM®M) is nonlinear. In particular, our continuous relaxation
problem (CR) is a nonlinear programming problem formulated as

(CR) Maximize f(z) subjectto z€F, ¢z <B;(1<i<k). (2)

Here, F is a matroid polytope of the matroid (N, F) and f is a concave closure
of the function f (see §3 for definitions).

To extend the approach in [16], we firstly modify the definition of vertex
optimal solution appropriately since there may be no optimal solution which is
a vertex of the feasible region if the objective function is nonlinear. Under the
new definition, we show that a vertex optimal solution of (CR) is nearly integral
by using the polyhedral structure of Mf-concave functions.

We then show that if f is an Mf-concave function, then (CR) can be solved
(almost) optimally in polynomial time by the ellipsoid method [17]. Note that
the function f is given implicitly, and the evaluation of the function value is still
a nontrivial task; even if f is a monotone submodular function, the evaluation
of f(x) is NP-hard [5]. To solve (CR) we use the following new algorithmic
property concerning the concave closure of Mf-concave functions, which is proven
by making full use of conjugacy results of Mf-concave functions in the theory of
discrete convex analysis.

Lemma 1.1. Let z € F.

(i) For every 6 > 0, we can compute in polynomial time p € QN and 3 € Q
satisfying f(y) — f(z) <p'(y —2) + 3 (Vy € F) and f(z) < B < f(z) + .

(ii) If f is an integer-valued function, then we can compute in polynomial time
p € QN with f(y) — f(z) <p"(y —z) (Vy € F) and the value f(z).

Our Second Result We also consider another type of budgeted optimization
problem, which we call the budgeted M?-concave intersection problem:

(1BMFfI) Maximize fi(X) + fo(X) subject to X € Fy NFs, ¢(X) < B,

where f; : F; — R (j = 1,2) are M"-concave functions with f;()) = 0 defined
on matroid independent sets Fj, ¢ € Rf and B € Ry. This is a nonlinear
generalization of the budgeted max-weight matroid intersection problem. Indeed,
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if each f; is a linear function on matroid independent sets F;, then the problem
(1BMPI) is nothing but the budgeted max-weight matroid intersection problem,
for which Berger et al. [2] proposed a PTAS using Lagrangian relaxation and
a novel patching operation. We show that the approach can be extended to
(1BMFI).

Theorem 1.4. For every firede > 0, a (1 —¢)-approzimate solution of (1BMI)
can be computed deterministically in polynomial time.

The following is the key property to prove Theorem 1.4, where OPT denotes
the optimal value of (1BMPFI). We may assume that {v} € F; NF and f;({v})+
f2({v}) > 0 hold for all v € N.

Theorem 1.5. For (1BMhI), there exists a polynomial-time algorithm which
computes a set X € F1NFy satisfying f1(X)+f2(X) > oPT—2-max,en{f1({v})+
fo({v})} and ¢(X) < B + max,en c(v).

To extend the approach in [2], we use techniques in Murota [26] developed for
Mb-concave intersection problem without budget constraints. An important tool
for the algorithm and its analysis is a weighted auxiliary graph defined by local
information around the current solution, while an unweighted auxiliary graph is
used in [2]. This makes it possible, in particular, to analyze how much amount
the value of the objective function changes after updating a solution.

Both of our PTASes for (kBM*M) and (1BM"I) are based on novel approaches
in Grandoni and Zenklusen [16] and in Berger et al. [2], respectively. The adap-
tion of these approaches in the present settings, however, are not trivial as they
involve nonlinear discrete concave objective functions. The main technical con-
tribution of this paper is to show that those previous techniques for budgeted
linear maximization problems can be extended to budgeted nonlinear maximiza-
tion problems by using some results in the theory of discrete convex analysis.

2 Gross Substitutes Utility and MPf-concave Functions

We give some examples of gross substitutes utility and Mf-concave functions and
explain some known results. Recall the notation a(X) = Y .y a(v) for a € RY
and X C N.

A simple example of Mf-concave function is a linear function f(X) = a(X)
(X € F) defined on a family F C 2V of matroid independent sets, where a € R .
In particular, if F = 2V then f is a GS utility function. Below we give some
nontrivial examples. See [28,29] for more examples of Mf-concave functions.

Example 1. (Weighted rank functions) Let Z C 2V be the family of inde-
pendent sets of a matroid, and w € Rf. Define a function f : 2V — R, by
f(X) =max{w(Y) | Y C X, Y € I} (X € 2V), which is called the weighted
rank function [6]. If w(v) =1 (v € N), then f is an ordinary rank function of the
matroid (N,Z). Every weighted rank function is a GS utility function [5]. O
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Example 2. (Laminar concave functions) Let 7 C 2V be a laminar family,
ie, XNY =0or X CY or X DY holds for every X, Y € T.For Y € T, let
@y : Z, — R be a univariate concave function. Define a function f : 2 — R by
F(X) =Y yer fr(|XnY]) (X € 2%), which is called a laminar concave function
[28, §6.3] (also called an S-valuation in [3]). Every laminar concave function is
a GS utility function. O

Example 3. (Maximum-weight bipartite matching) Consider a bipartite graph
G with two vertex sets N,J and an edge set E (C N x J), where N and
J correspond to workers and jobs, respectively. Every (u,v) € E means that
worker u € N has ability to process job v € J, and profit p(u,v) € Ry can
be obtained by assigning worker u to job wv. Consider a matching between
workers and jobs which maximizes the total profit, and define F C 2V by
F ={X C N | 3M : matching in G s.t. IvnM = X}, where Oy M denotes
the set of vertices in N covered by edges in M. It is well known that F is a
family of independent sets in a transversal matroid. Define f : F — R by

f(X) =max{}_, ,yerr P(uw,v) | M : matching in G s.t. InM = X} (X € F).

Then, f is an M¥-concave function [29, §11.4.2]. In particular, if G is a complete
bipartite graph, then F = 2V holds, and therefore f is a GS utility function. O

GS utility is a sufficient condition for the existence of a Walrasian equilibrium
[19]; it is also a necessary condition in some sense [18]. GS utility is also related to
desirable properties in the auction design (see [4, 7]); for example, an ascending
item-price auction gives an approximate equilibrium, while an exact equilibrium
can be computed in polynomial time (see, e.g., [22, §5]).

ME-concave functions have various desirable properties as discrete concavity.
Global optimality is characterized by local optimality, which implies the validity
of a greedy algorithm for M concave function maximization. Maximization of
the sum of two MP-concave functions is a nonlinear generalization of the max-
weight matroid intersection problem, and can be solved in polynomial time as
well. A budget constraint with uniform cost is equivalent to a cardinality con-
straint. Hence, (¢kBM®M) and (1BMFI) with uniform cost can be solved in poly-
nomial time as well. The maximization of a single Mf-concave function under a
general matroid constraint can be also solved exactly in polynomial time, while
the corresponding problem for the sum of two Mf-concave functions is NP-hard
(see [28]).

3 PTAS for k-budgeted M¥-concave Maximization

We prove Theorem 1.2, a key property to show the existence of a PTAS for
(kBMhM). Due to the page limitation, we mainly consider the case where f is
an integer-valued function, and a more complicated proof for the general case is
given in §A.5, §A.6, and §A.7 in Appendix; the proof for the integer-valued case
is much simpler, but gives an idea of our algorithm for the general case.
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Continuous Relaxation. Our continuous relaxation of (kBM*M) is given by
(2), where F and f are defined as follows. For X C N the characteristic vector
of X is denoted by xx € {0,1}V. We denote by F C [0,1]" the convex hull of
vectors {xx | X € F}, which is called a matroid polytope. The concave closure
f:F — R of function f is given by

?(1’) = maX{ZXe}‘ Ax f(X) | erf AxXx =z, .
Sxerdx =L Ax >0 (X €F)} (zeF).

Note that for a general (not necessarily Mh—concave) f, the concave closure f
is a polyhedral concave function satisfying f(xx) = f(X) for all X € F. Let
S C [0,1]" denote the set of feasible solutions to (CR), which is a polyhedron.

The set P = {(z,a) € [0,1]¥ xR | z € S,a < f(x)} is a polyhedron. We
say that x is a vertex feasible solution of (CR) if (z, f(z)) is a vertex of the
polyhedron P. There always exists an optimal solution of (CR) which is a vertex
feasible solution, and we call such a solution a vertex optimal solution. Note that
a vertex optimal solution does not correspond to a vertex of S in general.

Solving Continuous Relaxation. We show that if f is an integer-valued
function, then (CR) can be solved exactly in polynomial time by using the el-
lipsoid method. Similar approach is used in Shioura [37] for the problem with
a monotone Mf-concave function. We here extend the approach to the case of
non-monotone M?-concave function.

The ellipsoid method finds a vertex optimal solution of (CR) in time poly-
nomial in n and in logmaxxcx |f(X)] if the following oracles are available [17]:

(O-1) polynomial-time strong separation oracle for the set S,
(O-2) polynomial-time oracle for computing a subgradient of f.

The oracle (O-1) can be realized as follows. Let = € [0,1]" be a vector. We
firstly check whether the inequalities ¢; z < B; are satisfied or not. If not, then
the corresponding inequality can be used as a separating hyperplane of S. We
next check whether 2 € F or not. Recall that for a given subset X C N, we
have an oracle to check X € F in constant time. This enables us to compute
the rank function p : 2V — Z, of the matroid (N, F) in polynomial time (see,
e.g., [14,28]). We have F = {y € [0, 1]V | y(X) < p(X) (VX € 2M)}. Hence, the
membership in F can be checked by solving the problem min x¢on {p(X)—2(X)},
which is a submodular function minimization and can be done in polynomial time
[8,14,17]. Let X, € argminyeon {p(X) — 2(X)}. If p(X,) > 2(X.), then x € F
holds; otherwise, p(X,) > z(X.) gives a separating hyperplane of S.

We then consider the oracle (0-2). A vector p € RY is called a subgradient
of f at € F if it satisfies f(y) — f(z) < p'(y —z) for all y € F. Lemma 1.1
(ii) states that if f is an integer-valued function, then a subgradient of f can be
computed in polynomial time, i.e., the oracle (O-2) is available.

We give a proof of Lemma 1.1 (ii) by using conjugacy results of M®-concave
functions. We define a function g : RN — R by g(p) = inf{p"y — f(y) | y € F}
(p € RN). Note that inf{pTy — f(y) | y € F} = inf{p(Y) — f(Y) | Y € F}
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holds, and therefore the evaluation of the function value of § can be done in
polynomial time by using an Mf-concave function maximization algorithm [36].
It is well known in the theory of convex analysis (see, e.g., [35]) that p € RY is
a subgradient of f at = € F if and only if p € argmax{g(q) — ¢ 'z | ¢ € RN}.
The next lemma shows that the maximum in max{g(q) —q'z | ¢ € RN} can be
achieved by an integral vector in a finite set.

Lemma 3.1. For every x € F, there exists a subgradient p of f at x such that
p € ZN and |p(v)| < 2nmaxxer |f(X)| for allv € N.

Proof of this lemma is given in §A.2 in Appendix. The discussion above and
Lemma 3.1 imply that it suffices to compute an optimal solution of the problem
max{g(q) —q¢'= | ¢ € ZV, |p(v)| < 2nmaxxcr |f(X)| (v € N)}. The function g
has a nice combinatorial structure called L-concavity [27,28], and this problem
can be solved exactly in time polynomial in n and in log maxxc 7 | f(X)|. Hence,
we obtain the following property:

Lemma 3.2. If f is an integer-valued function, then a vertex optimal solution
of (CR) can be computed in polynomial time.

Rounding of Continuous Solution. It is shown that there exists an optimal
solution of (CR) which is nearly integral.

Lemma 3.3. Let 2 € [0,1] be a vertex optimal solution of (CR). Then, & has
at most 2k non-integral components.

This generalizes a corresponding result in [16] for the budgeted matroid inde-
pendent set problem. Below we give a proof of Lemma 3.3.

In the proof we use the concept of g-polymatorids. A g-polymatroid [13] is a
polyhedron @ = {z € RV | u(X) < 2(X) < p(X) (X € 2V)} given by a pair of
submodular /supermodular functions p : 2V — RU {+oco}, u: 2V = RU {—o0}
satisfying the inequality p(X) — u(Y) > p(X \Y) — u(Y \ X) (X, Y € 2N). If
p and p are integer-valued, then @) is an integral polyhedron; in such a case, we
say that @ is an integral g-polymatroid.

Let & € [0,1]Y be a vertex optimal solution of (CR). Then, # is a vertex of a
polyhedron given as the intersection of a set Q = argmax{f(z) —p'z |z € F}
for some p € RY and the set K = {z € [0,1]V | ¢z < B; (i=1,...,k)}. Since
f is an MP-concave function, @ is an integral g-polymatroid [31, §6]. Hence, &
is contained in a d-dimensional face F' of Q with d < k. The proof of the next
lemma, which is a generalization of [16, Th. 3], is given in §A.3 in Appendix.

Lemma 3.4. Let Q C RY be an integral g-polymatroid and let F C Q be a face
of dimension d. Then, every x € F has at most 2d non-integral components.

By Lemma 3.4, the number of non-integral components in & is at most 2d < 2k.
This concludes the proof of Lemma 3.3.

Lemma 3.3 implies the following property, stating that a solution obtained
by rounding down non-integral components of a vertex optimal solution satisfies
the condition in Theorem 1.2. The proof is given in §A.4 in Appendix.
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Lemma 3.5. The set X = {v € N | 2(v) = 1} is a feasible solution to (kBM*M)
satisfying f(X) > oPT — 2k max,en f({v}).

This, together with Lemma 3.2, implies Theorem 1.2 for integer-valued functions.

Algorithm for General Case. If the function f is not integer-valued, then
it is difficult to compute a vertex optimal solution of (CR). Instead, we compute
the set X in Lemma 3.5 directly, without computing a vertex optimal solution,
by using Lemma 3.3 and Lemma 3.6 below. See §A.6 and §A.7 in Appendix for
the proof of Lemma 3.6 and for details of the algorithm, respectively.

Lemma 3.6. For every fized € > 0, we can compute a feasible solution x €
[0,1]Y of (CR) with f(x) > (1 — &)OPT in polynomial time, where OPT is the
optimal value of (CR).

4 PTAS for 1-budgeted MF-concave Intersection

We give a proof of Theorem 1.5 for (1BM®I). With a parameter A € R, the
Lagrangian relaxation of (lBMhI) is given by

(LR(X)) Maximize f1(X) + f2(X) + MB — ¢(X)} subject to X € Fy N Fs.

The problem (LR(})) is an instance of the Mf-concave intersection problem
without budget constraint, which is essentially equivalent to the valuated matroid
intersection problem discussed in [25] (see §A.8 in Appendix). Therefore, the
theorems and algorithms in [25] can be used to (LR(A)) with slight modification.
In particular, (LR(\)) can be solved in polynomial time.

Below we explain how to compute a set X € F;NF; satisfying the condition in
Theorem 1.5. We firstly compute the value A = A\, minimizing the optimal value
of (LR(A)), together with two optimal solutions X,,Y, of (LR(\.)) satisfying
¢(X,) < B < ¢(Y,). This can be done by Megiddo’s parametric search technique
(see [24]; see also [2,34]). Note that the inequality ¢(X,) < B < ¢(Yi) implies
f1(X) + f2(Xs) < opT < f1(Ys) + f2(Ys), where OPT is the optimal value of
the original problem (1BMFI). Hence, if X, = Y, then we have ¢(X,) = B and
f(X,) = opT, implying that X = X, satisfies the condition in Theorem 1.5.
Otherwise (i.e., X, # Y.), “patching” operations are applied to X, and Y, to
construct a better approximate solution.

The patching operations are done by using cycles in a weighted auxiliary
graph. In the following, we assume that | X,| = |Y;| holds, since in this case the
description of the algorithm can be simplified (and does not lose the generality
so much). We define an auziliary graph G?* = (V, A) with arc weight w: A - R
associated with X, and Y, by V = (X, \ Yi) U (Vi \ X.), A= E; U Es, and

B ={(u,v) |lue X, \Ys, veY\ Xy, Xu —u+veF},

w(u,v) = fi(Xs —u+v) = fi(Xs) + Afe(u) —c(v)}  ((w,v) € Ev),
Ey={(v,u) |veY,\ X,, ue X, \Ys, Xu +v—ucF},

w(v,u) = fo(Xu +v—u) - fo(Xs) ((v,u) € Ey).
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A cycle in Ggg* is a directed closed path which visits each vertex at most once.

In every cycle in G§**, arcs in E; and arcs in Es appear alternately, and every
cycle contains an even number of arcs.
For a cycle C in the graph GE/(**, we define a set X, & C (C N) by

X,0C =X \{ue X \Y. | (u,v) eCNE}U{veY,\ X.| (u,v) e CNEL}.

Lemma 4.1. (i) A mazimum-weight cycle in G§** is a zero-weight cycle.

(ii) Let C be a zero-weight cycle in Ggg* with the minimum number of arcs. Then,
X. @ C is an optimal solution of (LR(A.)) with X. ® C # X,.

Lemma 4.1 (i) implies that a zero-weight cycle C' in G?g‘* with the minimum
number of arcs can be computed by using a shortest-path algorithm. The set
X' = X, @ C is an optimal solution of (LR(A.)) by Lemma 4.1 (ii). If X' =Y,
then an additional patching operation explained below is applied. If ¢(X’) = B,
then we stop since X’ satisfies the condition in Theorem 1.5. If ¢(X’) < B then
we replace X, with X’; otherwise (i.e., ¢(X’) > B), we replace Y, with X'; in
both cases, we repeat the same patching operations.

We explain the additional patching operation in the case where X, ®C =Y,.
In this case, C contains all vertices in the graph G%*. Let aq,a9,...,a0, € A be
a sequence of arcs in the cycle C, where 2h is the number of arcs in C. We may
assume that a; € Ey if j is odd and a; € Es if j is even. For j =1,2,...,h, let
a; = w(azj—1) + w(ag;). Since C is a zero-weight cycle, we have Z;.Lzl a; =0.
Lemma 4.2 (Gasoline Lemma (cf. [23])). Let ay,as,...,ap be real num-
bers satisfying 22:1 a; = 0. Then, there exists some t € {1,...,h} such that

ZE; Qj(modh) > 0 (i =0,1,...,h—1), where ap = a.

By Lemma 4.2, we may assume that Zj.:l aj > 0 forall i =1,2,...,h
For j = 1,2,...,h, we denote agj_1 = (uj,v;), and let n; = c(v;) — c(uy).
Then, ¢(Y.) = c(X.) + Z?:l n; holds. Let ¢t € {1,2,...,h} be the minimum
integer such that ¢(X.) + Z;Zl n; > B. Since ¢(X,) < B, we have t > 1. In
addition, the choice of ¢ implies that ¢(X,) + 23;11 n; < B. With the arc set
C’' ={ai,as,...,a2-1,a9:}, we define X C N by
X=X \{ueX,|(uv)e'NEyoru=u1}U{ve N\ X, | (u,v)€C NE}.

We show that the set X satisfies the desired condition in Theorem 1.5.
‘We have

OPT < f1(X.) + fa(Xu) + A{B —c(X)}+ 30 o
< [A(X) + X5 LA (X =y + ) = (X))
+ [f2(X) + X { AKX —ujp +v5) — AKX}

We define X; = X U {ug+1} and X, = XU {u1}. Note that XiNnX, = X.
By using the fact that C’ is a subpath of a zero-weight cycle with the smallest
number of arcs, we can show the following:
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Lemma 4.3. We have X1 € F1, Xo € Fo, f1(X1) = fi(Xy) + E;:1{f1(X* -
uj+v;) — (X} and f2(X2) = fo(Xo) + 30 {f1 (X — w1 +v;) — A(X)}

Hence, we obtain f; (X'l) + fg(X'g) > oPT. M¥-concavity of f; and f, implies

fAX) + fo(X) > fl():fl) —{fi(Xy) ~ 1O} + f2(X2)~— {f2(X2) = f2(X)}
> [i(X1) = {fifuera}) = L0} + fo(X2) = {f2({ur}) — f2(0)}
> opT — 2 maxyen{f1({v}) + f2({v})},

from which the former inequality in Theorem 1.5 follows. The latter inequality
in Theorem 1.5 can be shown as follows:

o(X) = o(X.) + 35—y 1 — c(uera)
<{e(X.) + X2 m} +m < B+ < B+ maxyen c(v).
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A  Appendix

A.1 Partial Enumeration Technique for PTAS

Theorems 1.2 and 1.5 state that there exist polynomial-time algorithms which
compute high-quality feasible solutions for (¥BMM) and for (1BMI), respec-
tively. We show that by using a standard technique called “partial enumera-
tion” (see, e.g., [2,16,34]), these algorithms can be transformed into PTASes for
(kBMM) and for (1BMI), respectively.

We here consider a more general setting. Let 7 C 2V be an independence
system, i.e.,if X € Fand Y C X then Y € F. Let f : F — R be a submodular
function defined on F, i.e.,

FX)+ V) > fF(XNY)+ f(XUY) (VX,Y € Fst. XNY,XUY € F). (3)

For X € Fand Y C N with X C Y, we define a set family F% (C 2Y\X) and a
function f¥ : F¥ — R by

FY={U|UCY\X, UUX € F}, (4)
fXU)=f(XUU) - f(X) (UeFx). (5)

Note that FY¥ is an independence system and f¥ is a submodular function on
FY with f¥(0) = 0. We say that FY (resp., f¥) is a minor of F (resp., f).

Let S be a family of submodular functions f : 7 — R defined on indepen-
dence systems F such that f(@) = 0, and assume that S is minor-closed, i.e.,
every minor of f € § is also in §. We consider the following budgeted optimiza-
tion problem:

(kBSM) Maximize f(X) subjectto X € F, ¢;(X)<B; (1<i<k), (6)

where f : F — R is a function in S, k is a constant positive integer, and ¢; € Rf
and B; € Ry fori=1,2,..., k. We denote by OPT the optimal value of (kBSM).
Note that the problems (kBMM) and (1BMI) are special cases of (kBSM). We
may assume that f({v}) > 0 for all v € N;if f({v}) <0 then the submodularity
of f implies that there exists an optimal solution which does not contain v, and
therefore the element v can be ignored.

We prove the following theorem by applying the partial enumeration tech-
nique to (kBSM).

Theorem A.1. Let a € [0,1] and n € Z. Suppose that the problem (kBSM)
has a polynomial-time algorithm which computes a set X € F satisfying

F(X) = a-opT —n-max f({v}),

CZ(X) < B —|—T]-H1€E§\}[{Ci(’0) (Z = 1727-~-’k)'

Then, (kBSM) has a polynomial-time (a — €)-approzimation algorithm for every
fized constant € € (0, ).
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Then, Theorem 1.3 (resp., Theorem 1.4) is an immediate consequence of Theo-
rem A.1 and Theorem 1.2 (resp., Theorem 1.5), where o = 1 and n = 2k (resp.,
n=2).

We now give a proof of Theorem A.1. Let ¢’ =¢/(a+ 1), and X, € F be an
optimal solution of (kBSM) which is fixed in the following discussion. We may
assume that | X,| > (k+ 1)n/e’ since otherwise the cardinality of X, is bounded
by a constant number and therefore such X, can be found by a brute-force
algorithm in polynomial time.

Our algorithm consists of the following three major steps:

Step 1: Guess a subset X of X, with |Xp| = (k+ 1)n/e’ consisting of “large”
elements.

Step 2: Compute a set X satisfying the following condition

XpUX; €eF,
f(Xp UXs) > (a—€)opT, (7)
Ci(XbUXS) S (1 +E/)B7; (2 = 1,2,...,k>.

Step 3: Compute a subset U of X, U X, such that (X U X )\ U is an (1 —
e')(a — €’)-approximate feasible solution to (kxBSM).

Note that the output in Step 3 is an (« — €)-approximate solution since (1 —
a—¢)>a—e.

We firstly guess a subset Zy of X, with |Zy| = n/e’ which maximizes the
value f(Zy). Here, we assume, for simplicity and without loss of generality, that
n/e’ is an integer. This is done by enumerating all subsets of N with cardinality
n/e’. Since n/e’ is a constant, this can be done in polynomial time.

Let

No={veN\Zy| f(ZoU{v}) - f(Zo) < (¢'/n)f(Z0)}.
We claim that X, \ Zy C Ny holds. Assume, to the contrary, that there exists
some v € X, \ Zo which is not in Ny. It follows from the submodularity (3) of f
that

mia (£(Z0) = 1(Z0\ {u})} € 77 3 4(Z0) = F(Zo0 \ {u)
uEZy

1 €
< W{f(ZO) - f0)} = Ff(ZO)' (8)

For every u € Xy, we have

F((Zo\{u}) U{v}) = f(Zo \{u}) = f(Zo U{v}) = f(Zo) > %/f(Zo), 9)

where the first inequality is by submodularity (3) and the second follows from
v & Ny. Combining (8) and (9), we obtain

F(Zo) < F(Zo\ {u}) + %'ﬂzo) < £(Zo\ {u}) U {w}),
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where u = u, € Xy minimizes the value f(Zy) — f(Zo \ {u}). This, however, is
a contradiction to the choice of Zy. Hence, X, \ Zy C Ny holds.

Next, for i = 1,2,..., k, we iteratively guess a set Z; of i/’ largest elements

in X, \ (ZoyUZyU---UZ;_1) with respect to the cost ¢;(v), and let

Ni = {U S Ni—l \ Zl | Ci(”l)) < 71}%1%1 ci(u)}.
Then, we have X, \ (ZoU Z; U---UZ;—1 UZ;) C N;. It should be noted that
guessing the sets Zi,...,Zy can be done in polynomial time since k and 7/e’
are constant numbers. We put X, = Ui-“:OZi and Y = X U Ni. Note that X is
a feasible solution to (1).

We claim that if X, C X, then X, is a feasible solution to (kBSM) with
f(Xp) > 0. The feasibility of X} is easy to see, and the inequality follows from
f(Xp) > f(Xs) — f(Xs \ Xp) > 0, where the first inequality is by the sub-
modularity of f and the second by the optimality of X,. This means that if
X, is not feasible to (kBSM) or f(X},) < 0 holds, then some of the guesses for
Zy, 21, ..., 2y are not done correctly, and therefore the current X, should be ig-
nored. In the following, we may assume that Xj is a feasible solution to (kBSM)
with f(Xb) > 0.

We then consider Step 2. We denote F' = Fx, (C 2") and f' = fX, (see
(4) and (5) for the definitions of FY, and fY, ). Then, f’ is a function defined
on F' with f' € §. We consider an instance of (kBSM) given by

Maximize f'(U) subject to U € F', ¢;(U) < B, (1<i<k),

where B! = B; — ¢;(X;) for each i. We denote by OPT’ the optimal value of this
instance. Then, oPT’ + f(X;) = OPT holds, provided that the sets Zy, Z1, ..., Zx
are guessed correctly. The assumption of Theorem A.1 implies that in polynomial
time we can compute a set X, € F’ satisfying

F/(X,) = a-opT' — - max f'({v}), (10)
vE N
ci(Xs) <Bi+n- max ci(v) (i=1,2,...,k). (11)
VENY
We show that the set X, U X, satisfies the three conditions in (7). Since

X € F', we have X, U X, € F, i.e., the first condition in (7) holds.
By the submodularity (3) of f, Zy C X}, and Ni C Ny, we have

max f'({v}) = ﬂ?v):{f(Xb U{v}) — f(Xp)}
< Tffel?vxk{f(zo U{v}) — f(Zo)}

gﬁ%ﬁ{f(zou{v})—f(zo)} < %f(Zo)- (12)

By the choice of Z; and N C N;, we have

) 1 e
max ci(v) < max ci(v) < min ci(u) < |Zi‘ci(Zi) = ZCZ‘(Z%')' (13)
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Hence, it follows that
f(Xb U XS> = f,(XS) + f(Xb)
> a-OPT' — 7 max f'({v}) + f(Xb)

= a-OPT + (1 - a)f(Xp) —n - max f'({v})

/

>a-0PT+ (1 —a)f(X) —7- 8EJ‘(ZO)
> a-oPT — €' f(Z)
> (a —¢')opT, (14)

where the first inequality is by (10), the second by (12), the third by f(X3) > 0,
and the fourth by f(Z) < opT. Hence, the second condition in (7) holds.
It follows from (11), (13), and ¢;(Z;) < B; that

¢i(Xp U Xy) < B; + 1 - max ¢;(v)
vE N
<Bi+€éci(Z)<(1+e)B; (i=1,2,...,k). (15)

That is, the third condition in (7) holds.

In Step 3, we finally construct an (1—¢’)(a—¢’)-approximate feasible solution
by deleting some elements in X, U X,. We assume, for simplicity, that 1/’ is
an integer. Let {U1,Us,...,Ugjery—1,U1/er} be an arbitrarily chosen partition
of X, such that |U; N Z,,| = n for each j and h; recall that |Z;| = n/e’ for all
h=0,1,...,k. We also set t = (1/¢') + 1 and U; = X;. Then, {U;,Us,...,U:}
is a partition of X, U X.

It is easy to see that (X, U X) \ Uy = X, is a feasible solution to (kBSM).
Foreacht=1,2,...,kand j =1,2,...,1/¢, it holds that

ci(Uj) 2 ei(U; N Zi) 2 - min c;(u) 2 7 - maxe;(v) 27 max ci(v)

since N, C N;. By (15), we have

Ci((Xb @] Xs) \ UJ) = Ci(Xb U Xs) - Ci(Uj)
< Bi+n- max ci(v) —n- max ci(v) = B;.
Hence, (X, UX,)\Uj is a feasible solution to (kBSM) for each j =1,2,...,¢t—1.
Recall that (X U X;) \ Up = X, is also feasible solution to (kBSM).
To conclude the proof of Theorem A.1, we show that the following inequality

holds:

max f((XpyUX;)\U;) > (1—¢)(a—€")oPT.

1<j<t
This can be shown by using the following property of f:

Lemma A.1 (cf. [11]). Let f : F — R be a function defined on an indepen-
dence system F C 2N, and suppose that f is submodular in the sense of (3).
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Then, for every U € F and a positive integer t, it holds that
t
FU) <D N (V)
j=1

for any t subsets Vi,Va,..., Vi of U and nonnegative real numbers \; (j =
1,2,...,t) such that 23:1 Aj =1 and Z;Zl AjXV; = XU-

By Lemma A.1 and (14), it holds that

max f(GUXI\U) 2 13 F((X U X))\ 1)
2%-(t—1)f(XbUXS)
>(1-Nf(XpUXs) > (1—£')(a—¢)opT.

This concludes the proof of Theorem A.1.

A.2 Proof of Lemma 3.1

Let z € F. Recall that f is a polyhedral concave function defined on F, and by
assumption F is a full-dimensional polytope. Therefore, there exists a subgradi-
ent p € RN at x such that the set

D={yeF|fly)—f@)=p (y—=)}

is a full-dimensional polytope. We show that such a subgradient p satisfies the
inequality
< .
p(0)] < 20max|F(X)] (v € N) (16)

The set D can be represented as
D =argmax{f(y) —p'y|y € F}.

Since f is an MbB-concave function, D is an integral g-polymatroid with D C
[0,1]Y (cf. [31, §6]). Let ¢ be a vertex of D, which is a 0-1 vector corresponding
to some set Xg C N. We consider the tangent cone of D at xy, which is generated
by the set W of the following vectors (cf. [14, Th. 3.28]):

+XU(U€N5 x0+Xv€D)7 —XU(’UGN, IO_XUGD)v
+Xu — Xo (u,’UEN, x0+Xu_Xv€D)-

Since D is full-dimensional, its tangent cone is also full-dimensional, which im-
plies that W contains n linear independent vectors. Hence, the vector p is a
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(unique) solution of the system of the following linear equations, where ¢ € RV
is a variable vector:

+q(v) = f(x0 + xv) — f(0) (= f(Xo +v) = f(X0)) (v€N, zo+x0 €D),
—q(v) = f(xo — xv) — f(20) (= f(Xo—v) = f(X0)) (v€N, g —x» €D),
+q(u) — q(v) = F(xo + Xu — Xv) — F(20) (= f(Xo +u —v) — f(X0))

(u,v € N, 2o+ Xu — Xv € D).

Recall that for every X € F we have f(X) = f(xx). Since the coefficient
matrix of this system of linear equations is totally unimodular, this system has
an integral solution, i.e., p € Z".

The linear equations above imply that

|p(v)|§2}1?2;(_|f(X)| (’UENa $0+XUEDOY$0—XUED), (17)
[p(u) = p(v)] < 2max |f(X)| (w0 €N, 2o+ xu — Xv € D). (18)

From these inequalities we derive the inequality (16), where we use an undirected
graph G = (N, E) with the vertex set N and the edge set

EZ{(“?”)‘U’?UENa Z'O""Xu_XvE-D}-

In addition, we define R = {v € N | g+ x» € D or g — x» € D}, and call
each element in R a root vertex. By using the fact that W contains n linear
independent vectors, we can show that for every vertex v in G, there exists a
path from v to some root vertex r € R. Let vg = v,v1,v2,...,05 = r be the
sequence of the vertices in such a path between v and r, where £k < n — 1. By
(17) and (18), it holds that

Ip(v)| < |p(vo) — p(v1)| + [p(v
< 2(k + 1)ggjg|f( )

1) = p(v2)| + -+ [p(ve—1) — p(vr)| + |p(vr)]
< nmaX\f( )E

A.3 Proof of Lemma 3.4

To prove Lemma 3.4, we use the concept of base polyhedron [14] which is deeply
related to the concept of g-polymatroid. A base polyhedron is a polyhedron S C
RYN given by S = {z € RY | 2(X) < p(X) (X C N), z(N) = p(N)} with a
submodular function p : 2V — R U {+o00} with p(f) = 0 and p(N) < +oo. If p
is integer-valued, then S is an integral polyhedron; in such a case, we say that
Q is an integral base polyhedron. It is shown that a polyhedron @ C RY is a
g-polymatroid if and only if the set

Q= {(~z(N),z) e RN |z € @}, (19)

where 0 is a new element not in IV, is a base polyhedron (see [14]). Lemma 3.4
for g-polymatroids can be restated in terms of base polyhedra as follows.
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Lemma A.2. Let S C RY be an integral base polyhedron associated with an
integer-valued submodular function p : 2V — Z U {400} satisfying p(§) = 0 and
p(N) < 400, and F C S be a face of dimension d. Then, every x € F has at
most 2d non-integral components.

Proof. Since the dimension of F is d and every xz € F satisfies z(IN) = p(N),
there exist n — d — 1 distinct sets Y1, Y5,...,Y,_4_1 C N such that

F={zeS|a(;) =p(¥;) (=12....n—d)},

where Y,,_4 = N. By a standard uncrossing argument (see, e.g., [14,17]), we can
assume that § #Y; C Y5 C--- C Y,,_qg = N holds. Let £ € RN be an arbitrarily
chosen vector in F'. Putting S; =Y; \Y,;_1 (#0) ( =1,2,...,n—d), it holds
that 2(S;) = p(Y;) — p(Yj_1) € Z, where Yy = (). This implies that if |S;| =1
then &(v) € Z for the unique element v in S;. Since |N| = n, at least n — 2d sets
among S1, So, ..., S,_q are singleton sets. Hence, & has at most 2d non-integral
components. O

Lemma 3.4 can be shown as follows. Let @ C RY be an integral g-polymatroid
and F' C @ be a d-dimensional face of (). We define an integral base polyhedron
Q C RIOVN a5in (19). Then, the set F = {(—z(N),z) € RIUN |z € F}isa

d-dimensional face of Q. By Lemma A.2, every Z € F has at most 2d non-integral
components. Hence, every = € F' has at most 2d non-integral components.

A.4 Proof of Lemma 3.5

We prove that the set X = {v € N | &#(v) = 1} is a feasible solution to (kBM!M)
satisfying f(X) > opPT — 2k max,cn f({v}).

Recall that & € [0,1]" is a vertex optimal solution of (CR). Let & € {0,1}¥
be a vector obtained by rounding down the non-integral components of Z, i.e.,
Z(v) = 1if #(v) = 1 and Z(v) = 0 otherwise. Note that Z is the characteristic
vector of X and therefore satisfies f(z) = f(X).

We firstly show that X is a feasible solution to (§BM#M). Since & is a vector
in the matroid polytope F and 0 < # < &, the vector Z is also in F. This fact and
the integrality of & implies that X € F. We also have cl(X) = c;-'—aE < c;r:% < B;
foralli =1,...,k since 0 < # < Z. Hence, X is a feasible solution to (kBM“M).

We next show the inequality f(X) > OPT — 2k max,cy f({v}). We use the
following property of the concave closure f of an M-concave function f.

Lemma A.3 ([28,31,37]).
(i) Let z,y € F be vectors withx <y, v € N, and o € Ry be a real number such
that y + ax, € F. Then, it holds that

z+ax, € F, 7(33 + axy) — ?(1') > ?(y + axw) — ?(y)
(ii) For every v € N and a € [0,1], it holds that

Floxw) = F(0) = a{f({v}) — F(0)}.
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Let u € N be any element with 0 < #(u) < 1, and 2’ € [0,1]" be a vector
given by &' = & — Z(u)xy. It holds that
F(@) < F@) + F(@(w)xu) = F(0)
= f(@) + 2(u)f({u}) < F(&') + max f({o}),

where the inequality is by Lemma A.3 (i) and the first equality is by Lemma A.3
(ii). By repeated application of this argument, we obtain the inequality

oPT < f(#) < f(Z) + 2k max f({v}) = f(X) + 2k max f({v});

recall that there exist at most 2k non-integral components in & by Lemma 3.3.

A.5 Proof of Lemma 1.1 (i)

We show that for every z € F and § > 0, we can compute p € QN and § € Q
satisfying

f)—f@)<p (y—a)+d6 (VyeF), fl)<B<Fflx)+d  (20)

in time polynomial in n and in log maxxc x| f(X)].
We define a function g : RN — R as in Section 3, i.e.,

gp) =inf{p'y—f(y) |y €F} (pcRY).

Lemma A.4 ([37, Lemma 3.3]). Let p € RY be a vector satisfying ||p —
P*||loo < 8/ for some p* € argmax{g(q) — ¢ 'z | ¢ € RN}. Then, the vector p
and the value 3 = —g(p) + p' z satisfy the inequalities in (20).

Recall that p* € argmax{g(q) — ¢'z | ¢ € RV} holds if and only if p* is a
subgradient of f at € F, and that there exists such p* satisfying Ip*(v)] <
2nmaxxecr |[f(X)] for all v € N (see Lemma 3.1).

We can compute a vector p in Lemma A.4 by finding a maximizer of the
function g(q) — qu among vectors ¢ such that each component of ¢ is an integer
multiple of 6’ = §/n?. We consider a function h : Z¥ — R defined by

hq)=9(00'q) = d'q"z (qeZ).

Lemma A.5 ([37, Theorem 3.5]). Let p' € Z" be a mazimizer of h under
the constraint that |§'p'(v)| < 2nmaxxer |f(X)| (v € N). Then, there exists a
mazimizer p* € argmax{g(q) — q' = | ¢ € RV} such that

0
Ip" = 'P'|loc < md" = —.
n
By Lemmas A.4 and A.5, it suffices to solve the following problem:
1
o . <1,
Maximize h(q) subject to |g(v)] < 5 2n}g12;(_|f(X)| (veN),

which can be solved exactly in time polynomial in n, in log maxxcx | f(X)], and
in log(1/4’) by using the fact that the function g is an L-concave function [27,
28]. This concludes the proof of Lemma 1.1 (i).
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A.6 Proof of Lemma 3.6

We show that for a fixed ¢ > 0, a feasible solution = € [0,1]" of (CR) with
f(z) > (1 — €)OPT can be computed in polynomial time.
For 8 € R, we define the set

LB) ={(y,@) €[0,1]V xR |ye S, B<a<F(y}

Recall that S C [0,1]" denotes the set of feasible solutions to (CR). We show
that the nonemptyness of L(8) can be checked approximately in polynomial
time. We denote by OPT the optimal value of (CR).

Lemma A.6. There exists a polynomial-time algorithm which, for every g € R
and €' > 0, either asserts 3 > OPT — ¢’ or finds a feasible solution x € |0, 1V of
(CR) such that 8 < f(z) + €.

The proof of Lemma A.6 is given below. By combining this property and binary
search with respect to 3, we can compute a feasible solution z € [0, 1]V of (CR)
with f(z) > (1 — €)OPT in polynomial time, as follows.

In each iteration we maintain an interval [3, 5] and a feasible solution z. of
(CR) such that

= € - €
B < flz.) + 5 -max f({v}), F=0OPT— g -maxf({v}).
Note that max,en f({v}) (> 0) is a non-zero lower bound of OPT which can
be computed easily. Initially, we set 3 = 0, B = > ven f({v}), and z, = 0; the
value ) - f({v}) is an upper bound of the function value of f, and therefore
it is also an upper bound of OPT.

In each iteration, we use Lemma A.6 with 8 = (3 + 3)/2 and &’ = £/3 -
max,cy f({v}). If 3 > OPT — ¢’ holds, then we update 3 = 3, and proceed to
the next iteration. If we find a feasible solution z € [0,1]" of (CR) such that
B < f(x)+¢, then we update B =B, x. = z, and proceed to the next iteration.

Suppose that G — B < ¢’ holds in some iteration. Then, it holds that

f(z) ZE—E/ZB—Z’;‘/ZW—?)E/
:m—e-me%(f({v}) > (1 —¢)OPT.

Hence, the current z, is a desired feasible solution of (CR). This implies that
the number of iterations required by binary search is

0 (% eyt ~© (%)

which is polynomial in the input size.

Below we give a proof of Lemma A.6, which is done by using the ellipsoid
method of Grétschel et al. [17], in a similar way as in Shioura [37]. By the results
in [17, Chapter 3], it suffices to prove that the following oracle for the set L(8)
is available:
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for every (y,a) € [0,1]Y x R and § > 0, either asserts that y is a
feasible solution to (CR) with 8 < a < f(y) + 4, or outputs a vector
(5,€) € RY x R with ||(5,€)|lec = 1 such that s (z —y) +&(af —a) < §
for all (z,a’) € L(B).

We construct such an oracle as follows.

Let (y,a) € [0,1]Y x R. We firstly check whether y € S or not, as in the
case where f is an integer-valued function. If y & S, then we output a separating
hyperplane of S (see Section 3).

Suppose that y is a feasible solution to (CR). If @ < 3, then (y,«a) is not
in L(B), and we output the vector (0,—1). If « > [, then we compute an
approximate value of f(y). By Lemma 1.1 (i) shown in Section A.5, we can
compute in polynomial time 1 € Q satisfying f(y) < n < f(y)+6. If > «, then
we have a < f(y) + 6, and therefore assert that y is a feasible solution to (CR)
with 8 < a < f(y) + 4. Otherwise (i.e., n < a), the vector (y, @) is not in L(3),
and we compute an “approximate” subgradient of f at . By Lemma 1.1 (i), we
can compute in polynomial time p € QV satisfying f(z) — f(y) <p' (x —y) +6
(Vx € F). It holds that f(y) < n < a and o < f(z) for all (z,a/) € L(3).
Hence,

o —a<fl@)-fly)<p' (x—y)+6

holds for all (z, ") € L(B). Therefore, we output the vector (1/]|(—p, 1)||oc)(—p, 1).
This concludes the proof of Lemma A.6.

A.7 Proof of Theorem 1.2

In §2, we have given a proof of Theorem 1.2 for the case where f is an integer-
valued function. We here consider the general case where f is not necessarily an
integer-valued function, and show a slightly weaker statement:

Lemma A.7. For every fized ¢ > 0, a feasible solution X € 2V of (kBMIM)
satisfying

F(X) 2 (1~ £)opr — 2k max f({u}) (21)
ve
can be computed in polynomial time.

Although the bound in (21) is slightly weaker than the bound OPT—2k max,cn f({v})
in Theorem 1.2, it is sufficient to obtain a PTAS for (kBMM).

Let S,T € 2V be disjoint sets. We denote by (CR[S,T]) the problem (CR)
with the additional constraints that z(v) =0 for v € S and z(v) =1 forv e T.
Similarly, we denote by (P[S,T]) the problem (kBM®M) with the additional
constraints that X NS = 0 and T C X. That is, (P[S,T]) is the problem
formulated as

Maximize fjjy\S(X) subject to X € szy\s’ Z ci(v) < B; (1 <i<k);
veXUT
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recall the definitions of .7-'? \S and fév VS in (4) and in (5), respectively. Hence,
(P[S, T]) is an instance (kBM*M). Note that (CR[S,T]) coincides with the con-
tinuous relaxation of (P[S,T]), which follows from the fact that F is the family
of matroid independent sets and f is an Mf-concave function. This observation
and Lemma 3.6 shown in Section A.6 imply that for every € > 0 we can compute
(1 — e)-approximate solution of (CR[S,T]) in polynomial time.

Below we present an algorithm which finds a pair of disjoint sets Fy, F; C N
with |Fo U Fi| > n — 2k such that there exists a (1 — €)-approximate solution
z of (CR) with z(v) = 0 for v € Fy and z(v) = 1 for v € F;. Once we obtain
such sets, we can show in the same way as Lemma 3.5 that the set X = F} is a
feasible solution to (kBM?M) satisfying the inequality (21).

The algorithm maintains two sets Fy and Fj satisfying the condition that

|F0 @] Fl‘é‘

the optimal value of (CR[Fy, F1]) > (1 -

)OPT. (22)
Initially, we set Fy = ) and F; = 0, and in the following iterations an element
in N\ (Fp U Fy) is repeatedly added to either Fy or Fy until |Fo U Fy| > n — 2k
holds.

In each iteration of the algorithm, we check whether an element u € N\
(Fo U F}) can be added to Fy or Fy. For each u € N \ (Fy U Fy), we compute
values 73 and nj such that

opPTy >y > (1 — E)OPTS, orT, >ni > (1— E)OPT%,
n
where OPT{ (resp., OPT;) is the optimal value of (CR[Fy U {u}, F1]) (resp.,
(CR[Fp, F1 U {u}])). Let 0. be a value such that

|F0 @] Fl‘é‘

OPTx > 1. > (1
n

)OPT.,
where OPT, is the optimal value of (CR[Fy, F1]). Note that such 7, is already
computed in the previous iteration of the algorithm.

Suppose that ng > (1 — =)n. holds for some u € N \ (Fp U F1). Then, we
have

N € € |FoU Fyle,
OoPT, >nit>(1—-—=)n,>(1-—=)(1 - ———)OPT
bz (- Sz (- - 2
FyUF; 1
Z(l_w.E)OPT.
n

Hence, we add the element u to Fj, and proceed to the next iteration. Similarly,
if ni" > (1 — £)n. holds for some u € N \ (Fy U Fy), then we add u to Fy, and
proceed to the next iteration.

Suppose that 75 < (1—=)n. and 5}’ < (1—=)n, hold for all u € N\ (FoUF}).
Then, we have

e € g
1—=-)orTy <nf < (1—=)n. <(1— =)OPT,,
( n) b <y < ( n)n_( n)
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i.e., OPT, < OPT, holds for all 5= 0,1 and all u € N\ (FoUF}). This means that
any optimal solution of the problem (CR[Fp, F1]) has no integral component. On
the other hand, the problem (CR[Fp, F1]) has n' = n — |Fy U Fy| free variables,
and Lemma 3.3 applied to (CR[Fy, F}]) implies that there exists an optimal
solution of (CR[Fy, Fi]) which has at least (n’ —2k) integral components. Hence,
we must have n’ < 2k, i.e., |[Fy U Fy| > n — 2k holds. Therefore, we can stop the
algorithm in this case. This concludes the proof of Lemma A.7.

A.8 Mb-concave Intersection Problem without Budget Constraint

We show that the Mf-concave intersection problem without budget constraint
can be solved in polynomial time by a “combinatorial” algorithm in the sense of
Megiddo [24]. A “combinatorial” algorithm is an algorithm which applies only
comparison and addition operations to input numbers such as function values;
this means, in particular, the multiplication of input numbers is not allowed.
To show this, we use a reduction to the valuated matroid intersection problem
discussed by Murota [26].

M-concave Function We explain the concept of M-concave function, which is
used in the objective function of the valuated matroid intersection problem.

Let B C 2V be the family of bases in a matroid; such B can be characterized
by the following property (see, e.g., [28]):

VX, Y eB,Vue X\Y,weV\X: X—ut+veBY+u—veB

Recall that | X| = |Y| for every X,Y € B.
We consider a function g : B — R defined on a base family B, which is called
an M-concave function [25,27] if it satisfies the following property:

(M-EXC) VX,Y€B, VueX\Y, ey \X:
X—u+v € B, Y+u—v € B, 9(X)+9(Y) < g(X—utv)+g(Y +u—v).

The concept of M-concave function is originally introduced for functions defined
on integer lattice points, and is deeply related to that of Mf-concave function.
For set functions, M-concavity is equivalent to the concept of valuated matroid
by Dress and Wenzel [9].

For every Mf-concave function f : F — R, we can construct an M-concave
function ¢g : B — R which is essentially equivalent to f. Let r = max{|X| |
X € F}. Also, let uy,ug,...,u, be elements not in N, and put N = N U

{uy,uz,...,u}. Define B C 2V and a function ¢ : B — R by
B={XCN||X|=r, XONNeF}, gX)=FfXnN) (XcB).

We show that g is indeed an M-concave function. In the proof below we use the
following property of Mf-concave functions.
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Lemma A.8 ([30]). Let f: F — R be an M*-concave function and X,Y € F.
(1) If | X| < |Y|, then for every u € X \'Y there exists some v € Y \ X such that

X—utveF, Y4+u—veF, f(X)+fY)<fX—-u+v)+ fY +u—0).
(ii) If | X| < |Y|, then there exists some v € Y \ X such that
X+veF, Y—veF, f(X)+fY) f(X+v)+ fY —v).

Proof (M-concavity for g). Let X,Y € Band u € X \ Y. We show that there
exists some v € Y \ X such that

X—utveB, Y+u—veB, gX)+g(Y) <g(X —u+tv)+g(Y +u—v). (23)

Put X = XN N and Y =¥ N N. By definition, we have X,Y € F, g(X) =
F(X), and g(V) = ().

[Case 1: u € N]  We have u € X \ Y. By (Mf-EXC), we have either (a) or
(b) (or both) holds:

(a) X —uw,Y+ueFand f(X)+ f(Y) < f(X —u) + f(Y +u),
b)) eV\X: X —utv,Y4+u—veFand f(X)+ f(Y) < f(X -
u+v)+ f(Y +u—wv).

By Lemma A.8 (i), the statement (b) always holds whenever |X| < [Y].

Suppose that (a) occurs. Then, we may assume |X| > [Y]. Since |X| =Y,
there exists some v = uy, € (Y \ X) \ V. We have X —u+v,Y +u—wv e Bsince
(X—u+v)NN=X—-uecFand (Y +u—v)NN =Y +ue F. Moreover, it
holds that

9(X) + (V) = F(X) + F(V) S F(X =)+ f(Y + )
=gX—-u+v)+gY +u—v).

Hence, (23) holds.
We then suppose that (b) occurs. Then, the element v € Y\ X in (b) satisfies
veY\X, X —u+v,Y+u—veB, and

9(X) +9(¥) = F) + F(Y) S f(X —ut0) + f(Y +u—0)
=g9X -—u+v)+gY +u—v).

Hence, (23) holds.
[Case 2: w € N\ N| We denote U = {uy,us,...,u,}. Suppose that there
exists some v € (Y \ X) N U. Then, we haveX—u—i—v Y +u—wveBand

9(X) +9(Y) = fF(X) + f(Y) = 9(X —u+0) +g(Y +u—v),

i.e., (23) holds.

We then consider the case where (Y \ X) N U = (). Then, we have Y N U C
(X NU)\ {u}, implying that |Y NU| < |X N U|. Since |X| = |Y], it holds that
|X|=|X|-|YNU| <|Y|-|XNU| = |Y]|. By Lemma A.8 (ii), there exists some
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v €Y\ X such that X +v,Y —v € Fand f(X)+ f(Y) < f(X +v)+ f(Y —v).

ThisimpliesthatveY\X,X—u—|—v,Y—|—u—v€l§,;nd

9(X) +9(Y) = f(X) + (V) < f(X +0) + f(Y )
=gX—u+v)+ g9 +u—v),

i.e., (23) holds. O

Note that the integer r in the construction of g can be computed in poly-
nomial time by using an algorithm for the (unweighted) matroid intersection
problem.

Reduction to Valuated Matroid Intersection Problem The valuated ma-
troid intersection problem considered in [26] is formulated as follows:

Maximize g1 (X) + g2(X) subject to X € By N B,

where g; : B; = R (i = 1,2) are M-concave functions defined on matroid base
families B; satisfying By N Ba # 0. It is shown in [26] that this problem can be
solved in polynomial time by an augmenting-type “combinatorial” algorithm.
We show that the maximization of the sum of two Mi-concave functions can be
reduced to the valuated matroid intersection problem.

Consider the maximization of the sum of two Mf-concave functions f; : F; —
R (i = 1,2) defined on the families of matroid independent sets ;. For each M?-
concave function f;, we consider an M-concave functions g; : B; — R defined as in
the previous section, where B; C 2. We have B1NBy # () since {u,...,u,} € B;.
Moreover, for a set X C N, we have X € argmax(g; + g2) if and only if | X| = r
and X NN € argmax(f; + f2). This shows that the maximization of the sum of
two MP-concave functions can be reduced to the valuated intersection problem,
and hence can be solved by a “combinatorial” algorithm in polynomial time.

A.9 Proof of Theorem 1.5

In this section we give a more detailed proof of Theorem 1.5 for (1BM®I), showing
that a set X € F; N Fy satisfying the condition

A+ fa(X) 2 opT—2-max{f({v})+f2({v})}, e(X) < B+maxc(v) (24)

can be computed in polynomial time. Recall the assumption that {v} € F; NF;
and fi({v}) + f2({v}) > 0 hold for all v € N.

We use the Lagrangian relaxation of (IBM!I) in a similar way as in [2, 34]. Us-
ing a parameter A\ € R called Lagrangian multiplier, the Lagrangian relaxation
is given by

(LR(A)) Maximize fi1(X)+fo(X)+A{B—c(X)} subject to X € FiNFa.

The problem (LR())) is an instance of the M®-concave intersection problem with-
out budget constraint, which is essentially equivalent to the valuated matroid
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intersection problem discussed in [25] (see Section A.8). Therefore, the theo-
rems and algorithms in [25] can be used to (LR(\)) with slight modification. In
particular, (LR())) can be solved in polynomial time.

The value A = A, minimizing the optimal value of (LR(A)) is called an optimal
Lagrangian multiplier. We firstly compute an optimal Lagrangian multiplier A,
and two optimal solutions X,,Y, of (LR(\.)) with ¢(X,) < B < ¢(Y%). This
can be done by Megiddo’s parametric search technique (see [24]; see also [2, 34]).
Recall that OPT denotes the optimal value of the problem (1BMFI).

Lemma A.9. Let X.,Y. € 2V be optimal solutions of (LR(\.)). If c(X.) <
B < ¢(Y,), then f(X.) < oPT < f(Yi) holds.

Proof. If ¢(X,) < B then X, is a feasible solution of (1BMI). Hence, we have
f(X.) < opT. Since (LR(\,)) is a relaxation of (1BMFI), it holds that f(Y.) +
A{B — ¢(Y.)} > opT, which, combined with B < ¢(Yi) and A, > 0, yields
f(Yy) > opr. O

This lemma implies that if X, = Y, then we have ¢(X,) = B and f(X,) =
opPT, and therefore X = X, satisfies the condition in Theorem 1.5. Otherwise
(ie., Xi # Y,), we apply “patching” operations to X, and Y. to construct a
better approximate solution.

The patching operations are done by using cycles in a weighted auxiliary
graph constructed as follows. Given X,Y € F; N Fy, we define an auxiliary
graph G% = (V, A) with arc weight w : A — R as follows; V = (X \ Y)U (Y'\
X) U {vg,vq}, where v, and vg are new elements not in N, and A and w are
given by

A:E1UE2UA1UA2UD1UD2,
E,={(u,v) |lue X\Y,veY\X, X —u+veF}
w(u,v) = fi(X —u+v) = filX) + A{e(w) —c(v)}  ((u,v) € Ev),
Ey,={(v,u) |lveY\X, ue X\Y, X+v—uc€F}
w(v,u) = fo(X +v—u) = fo(X) ((v,u) € Ez),
Ar ={(vg,v) |veY\ X, X +veF},
w(va,v) = fi(X +v) = fi(X) = Ac(v)  ((va,v) € A1),
As ={(v,v,) |[v €Y\ X, X +v € Fo},
w(v,vg) = fa(X +v) — f2(X)  ((v,vq) € Az),
Dy ={(u,vg) |lue X\Y, X —ue F},
w(u,va) = fi(X —u) — fi(X) + Ac(u)  ((w,va) € D1),
Dy ={(vg,u) |[ue X\Y, X —ue F},
w(va,u) = fo(X —u) — fo(X)  ((va,u) € Da).

The auxiliary graph defined here is a variant of the auxiliary graph for the
valuated matroid intersection problem used in [25]. Hence, properties of the
auxiliary graph for the valuated matroid intersection problem can be used for
the auxiliary graph G% with some appropriate modification.

A cycle in the graph G is a directed closed path which visits each vertex
at most once. We note that in every cycle in G§, arcs in F; U A; UD; and arcs
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in Fs U Ay U Dy appear alternately, and therefore every cycle contains an even
number of arcs. We call a cycle in G admissible if the cycle visits at most one
of v, and vg.

For an admissible cycle C in G¥%, we define a set X & C (C N) by

XoC=X\{ueX\Y | (u,v) e CNE;or (u,vg) € CNDi}
U{veY\X | (u,v) € CNE;or (v,,v) € CNAY.

It is easy to see that

o if C visits neither of v, and vy, then | X @ C| = | X],
o if C visits v, but not vg, then | X & C| = | X| + 1,
o if C visits vq but not v,, then | X & C| = | X| — 1.

To the end of this section, we denote
(X)) = LX)+ LX)+ A{B-c(X)} (X e2).

Lemma A.10 (cf. [25]). Let X,Y € F1 N Fs.

(i) Let C be a mazimum-weight admissible cycle in G% with the minimum num-
ber of arcs. Then, X @ C € F1NFy and fr, (X & C) = fo.(X) + w(C), where
w(C) denotes the total weight of the cycle C.

(ii) If X is an optimal solution of (LR(A)), then there exists no positive-weight
admissible cycle in G.

(iii) If Y is an optimal solution of (LR(A«)) and X is not optimal, then there
exists a positive-weight admissible cycle in G%.

Lemma A.11. The weight of a maximum-weight admissible cycle in Ggg* 18
zero.

Proof. By Lemma A.10 (ii), there is no admissible cycle in G?g* which has pos-
itive weight. We consider a slight purturbation of the objective function in
(LR(A4)) so that Y, is optimal but X, is not. By applying Lemma A.10 (iii)
to the purturbed problem, we can show that there is a positive-weight admis-
sible cycle in the auxiliary graph G?* with respect to the perturbed problem.
This implies the existence of an admissible cycle with zero weight in the original
auxiliary graph Gfg*, which is a maximum-weight admissible cycle. a

Our patching operation is based on the following property, which is immedi-
ate from Lemma A.10 (i) and Lemma A.11.

Lemma A.12. Let C be a zero-weight admissible cycle in G?;g* with the min-
imum number of arcs. Then, X, ® C is an optimal solution of (LR(\.)) with
X.®C #X,.

In the patching operation, we compute a zero-weight cycle C' in G§** with the
minimum number of arcs. This can be done by using a shortest-path algorithm
since a zero-weight cycle is a maximum-weight cycle by Lemma A.11. Then,
set X' = X, @ C, which is an optimal solution of (LR(A,)) by Lemma A.12.
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If X’ = Y,, then we apply an additional patching operation to be explained
below. If ¢(X’) = B, then X' satisfies the condition (24) and stop. If ¢(X’) < B
then we replace X, with X’; otherwise (i.e., ¢(X’) > B), we replace Y, with
X'’; in both cases, we repeat the same patching operations. It is noted that
whenever the patching operation above is repeated, then the cardinality of the
set (X« \ Yi) U (Vi \ X.) decreases, and therefore the operation is repeated at
most n times.

Finally, we explain the additional patching operation used in the case where
X, ® C =Y,. In this case, the cycle C' contains all vertices in the graph Gifg*.
Let ay,a9,...,a2, € A be a sequence of arcs in the cycle C, where 2h is the
number of arcs in C. It may be assumed that a; € £y U A; U Dy if j is odd and
a; € By UAy; UD;y if jis even. For j =1,2,...,h, let aj = w(agj_1) + w(ag;).
Since C' is a zero-weight cycle, we have Z?:l o = 0.

Lemma A.13 (Gasoline Lemma (cf. [23])). Let aj,as,...,an € R be a

sequence of real numbers satisfying Z?Zl aj = 0. Then, there exists some t €
{1,2,...,h} such that

t+1i
Zaj(modh)ZO (i=0,1,...,h=1),
j=t

where ag = ayp,. a

By Gasoline Lemma, we may assume that 23:1 oj >0foralle=1,2,...,h.
For j =1,2,...,h, we define n; € R by

c(v) — c(u) (azj—1 = (u,v) € Ey),
n; =3 ¢(v) (azj—1 = (vq,v) € A1),
—c(u) (az2j—1 = (u,vq) € Dy).

Then, c¢(Yy) = c(X.) + Z?:l n; holds. Let ¢ € {1,2,...,h} be the minimum
integer such that c¢(X,) + Z;Zlnj > B. Since ¢(X,) < B, we have t > 1. In

addition, the choice of ¢ implies that ¢(X.) + Z;;ll n; < B.

In the following, we assume that C' C E;UFE5 for simplicity of the description,
since the remaining cases can be shown similarly. We consider the arc set C' =
{a1,a2,...,a21—-1,a2:}. For j =1,2,... h, denote az;_1 = (u;,v;). We define a
set X C N by

X=X \{veX,|(uv)eC"NE;oru=ug}
U{ve N\ X, | (u,v) € C"' N Ey}.

We show that the set X satisfies X € F; N F, and the condition (24).
We have

() = e(X0) 31y — eluer) < (oK) + Y mi} +

<B <B .
<B+mn< +rgle%<c(v)
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Hence, X satisfies the second inequality in (24).
We also have

OPT < f1(Xy) + fo(Xs) + M{B — (X))}

< A+ B0G) 4B (X0} + D
— [+ A = w4 ) - Aix)]
[ 20) + SUACK ~ uja +0) - A
By - Y]
j=1
< |+ SR~y + ) - )]
#2000 b - A @)

where the last inequality is by the choice of ¢.
We define Xl,XQ C N by

)?1 =X\ {ug,...,u}U{vg,...,0.} (=X U {ut+1~}),
Xo =X\ {uz,us, ..., up, uppr FU{vr, ... o} (= X Uf{u}).

By using the fact that C’ is a subpath of a zero-weight admissible cycle with the

smallest number of arcs, we can show the following properties by using a similar
proof technique as in [25]:

Xl c .7'—1, XQ € fg,

fl(Xl):fl(X*)+Z{f1(X*_uj+vj)_f1(X*)}7 (26)
F2(X2) = fo(Xo) + Y {f1(Xe —wjp1 +v5) — f1(X)}- (27)
J=1

Hence, we obtain X e JF1NF; since X is a common subset of X 1 and XQ. From
(25), (26), and (27) follows

fi(X1) + f2(X2) > OPT.
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By the submodularity of f; and fs in the sense of (3), it holds that

(X)) + f2(X) > fl():Q) —{AiX1) = A} + fz(ffz)j {fo(X2) = f2(X)}
> [i(X1) = {fiuea}) = LD} + fa(X2) = {f2({wa}) — f2(0)}
2 OPT — 2-max{ fi({v}) + fo({v})}-

Hence, the set X satisfies the first inequality in (24). This concludes the proof
of Theorem 1.5.

A.10 Extension of Our Results

Our PTAS for (kBM*M) can be extended for a more general problem with M?-
concave objective functions defined on integral polymatroids. Let P C Zﬂ\_’ be an
integral polymatroid, i.e., P is given as

P={z ezl |x(S) <p(S) (S e2V)}

with an integer-valued monotone submodular function p : 2V — Z, satisfying

p(0) = 0.
We consider a function h : P — R, which is called an M?-concave function if
it satisfies the following property:

Vz,y € P, Yu € supp™ (z — y), either (i) or (ii) (or both) holds:
(i) £ — Xu, ¥ + xu € P and

W) + h(y) < k(2 = xu) + Py + Xu),
(if) Jv € supp™ (z — ): 2—Xu+Xv, Y+ Xu—Xv € P and
h(z) + h(y) < h(z—XutXo) + PY+Xu—X0),
where x, € {0,1}" is the characteristic vector of u € N, and for vectors x,y €
RY we define suppt(z—y) = {i € N | z(i) > y(i)} and supp~ (z —y) = {i € N |

z(i) < y(i)}. For an Mf-concave function h : P — R with h(0) = 0, we consider
the following problem:

Maximize h(z) subject to z € P, cjx <B;(1<i<k),

where k is a positive integer given as a constant, ¢; € Rf ,and B; € R;.
If P C {0,1}", then this problem is equivalent to (kBM!M). Our PTAS for
(kBM®M) can be naturally extended to this problem by using the results in
discrete convex analysis.



